ELLIPTIC CURVE COUNTS AND GENERALIZED WEINSTEIN CONJECTURES

ABSTRACT. We use elliptic curve Gromov-Witten theory to probe various generalizations of the
Weinstein conjectures. For instance, we prove new cases of Mazzucchelli’s generalization of the
Weinstein conjecture, and versions of Sandon’s translated fixed points conjecture. We also state an
analogue of the Weinstein conjecture in lcs geometry, directly extending the Weinstein conjecture,
and discuss various partial verifications. A counterexample for a stronger form of this conjecture is

given.
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We will start with the more basic story of fixed Reeb strings of strict contactomorphisms. This will turn
out to be closely tied to counts of elliptic curves in certain associated les manifolds (locally conformally
symplectic). From fixed Reeb strings, we are then lead to cases of Mazzucchelli’s generalization of
the Weinstein conjecture, Sandon’s translated points, and then to the formulation of the “conformal
symplectic Weinstein conjecture”.

Key words and phrases. locally conformally symplectic manifolds, Gromov-Witten theory, virtual fundamental class,
Fuller index.
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Let (C?"*1,\) be a compact contact manifold with A a contact form, that is a one form s.t. AA(d\)™ #
0. Denote by R* the Reeb vector field satisfying:
dM(R*,1) =0, AR =1.
Recall that a closed A-Reeb orbit (or just Reeb orbit when A is implicit) is a smooth map
0:(S'=R/Z) = C
such that
o(t) = cR*(o(1)),
with 6(t) denoting the time derivative, for some ¢ > 0 called period. Let S(R*,3) denote the space of
all closed Reeb orbits in free homotopy class g8, with its compact open topology. And set

O(R*, ) := S(R*,8)/S",
where S! is acting naturally by reparametrization (6 - 0)(t) = o(t + ).

Definition 1.1. Let ¢ : (C, ) — (C, X) be a strict contactomorphism of a contact manifold. Then a
fixed Reeb string of ¢ in class 3 is an element of o € O(R*, B) fived by ¢.

Theorem 1.2. For any contact form X on S?*t1, sufficiently C' nearby to \g; (the standard contact
form), any strict contactomorphism ¢ of (C, ) homotopic to the id via strict contactomorphisms has
a fized Reeb string.

Let ¢ be strict contactomorphism of (C, ). Following Mazzucchelli [12], a ¢-invariant Reeb orbit
is a Reeb trajectory « s.t. for some T # 0, ¢(y(t)) = v(¢t + T). Hence id-invariant Reeb orbits are
precisely closed Reeb orbits. Note also that given a fixed Reeb string of ¢, represented by ~, the latter
is also clearly a ¢-invariant Reeb orbit.

Conjecture 1 (Mazzucchelli [12]). For any (C,\) with C closed, every strict contactomorphism ¢
homotopic to the identity via strict contactomorphisms admits a ¢-invariant Reeb orbit.

Theorem 1.2, and more generally Theorem 7.9 give:

Corollary 1.3. Mazzucchelli’s generalization of the Weinstein conjecture [12, Conjecture 1.2], holds
for C> perturbations of (S?*T1 \s). Furthermore, it holds holds for a definite type contact manifold,
see Definition 7.8.

There is a partial connection of the theorem with the theory of translated points.

Definition 1.4 (Sandon [24]). Given a general contactomorphism ¢ of (C, ), a point p € C is called
a translated point provided that ¢* A\(p) = A\(p) and ¢(p) lies on the A-Reeb flow line passing through

p.

A fixed Reeb string for ¢ in particular determines a special translated point of ¢ (one for each point
on the image of the fixed Reeb string). Hence we get:

Corollary 1.5. Let ¢ be a strict contactomorphisms of (S?11 X for X sufficiently C* nearby to A,
then ¢ has a non-empty continuum of translated points.

Note that the general form of Sandon’s conjecture on existence of translated points, [24] has coun-
terexamples on S?**1 for the standard contact form A, see Cant [5]. However, it likely holds for any
strict contactomorphism of (S2%*+1 ) representing the standard contact structure.
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Theorem 1.6. Suppose that (C,\) is Morse-Bott and some connected component N C O(R*, B) has
non-vanishing Euler characteristic. Then any contact form X' on C, sufficiently C' nearby to X\, any

strict contactomorphism ¢ of (C,X'), homotopic to the id via strict contactomorphisms has a class S
fized Reeb string o € N.

Both of the theorems above are actually special cases of the following theorem proved in Section 7.
For more details on the Fuller index see Appendix A. Let A be a contact form on a closed manifold
C, N ¢ O(RM B) and let i(N, R*, 3) € Q denote the Fuller index. For example, if \ is Morse-Bott
(see [1]) and N is a connected component of O(R*,3) then by a computation in [25, Section 2.1.1]
i(R*, N, B) # 0 if x(IN) # 0 (the Euler characteristic).

Theorem 1.7. Let (C,\) be a contact manifold satisfying the condition: i(N,R*,B) # 0, for some
open compact N C O(R*,3). Then any strict contactomorphism ¢ : (C,\) — (C, ), homotopic to the
id wvia strict contactomorphisms has a class B fized Reeb string o € N.

We have already mentioned that the index assumption of the theorem holds for Morse-Bott contact
forms A, provided the Euler characteristic of some component of N C O(R") is non-vanishing. We
may take for instance the standard contact form Ay on S?#*1) the unit contangent bundle of the
sphere, or see Bourgeois [41] for more examples. In this Morse-Bott case the theorem may be verified
by elementary considerations. To see this, suppose we have a connected component N ¢ O(R*) with
X(N) # 0. Then ¢ as above induces a topological endomorphism 5 of N with non-zero Lefschetz
number, so that in this case the result follows by the Lefschetz fixed point theorem.

In general a compact open component N C O(R*) may not be a finite simplicial complex, or indeed
any kind of topological space to which the classical Lefschetz fixed point theorem may apply. Also the
relationship of i(N, R*, ) with x(N) breaks down in general as i(N, R*, 3) is partly sensitive to the
dynamics of R*.

1.1. Conformal symplectic Weinstein conjecture. The goal is now to describe one analogue of
the Weinstein conjecture in locally conformally symplectic geometry, or lcs geometry for short. For
preliminaries on this see Section 2.

1.1.1. Reeb 2-curves.

Definition 1.8. Let (M, )\ «) be an ezact les structure and w = doA. Define Xy by w(Xy,:) = A
and X, by w(Xa, ) = a. Let D denote the (generalized) distribution spanned by X, Xx, meaning
D(p) := span(Xn(p), Xr(p)). This will be called the canonical distribution.

The (generalized) distribution D is one analogue for exact les manifolds of the Reeb distribution on
contact manifolds. A Reeb 2-curve, as defined ahead, will be a certain kind of singular leaf of D, and
so is a kind of 2-dimensional analogue of a Reeb orbit.

Ezample 1. The simplest example of a Reeb 2-curve in an exact les (M, A, ), in the case D is a true
2-dimensional distribution (for example if (A, «) is first kind), is a closed immersed surface u : ¥ — M
tangent to D. However, it will be necessary to consider more generalized curves.

Definition 1.9. Let ¥ be a closed nodal Riemann surface (the set of nodes can be empty). Let

w: X — M be a smooth map and let i : > — M be its normalization (see Definition 7.1). We say that
u is a Reeb 2-curve in (M, \, «), if the following is satisfied:

(1) For each z € 3, 0, (T.3) = D(u(z)), whenever du(z) : T,S — TazM is non-zero, and
dim D(u(z)) = 2.

(2) 0# [u*a] € HY(Z,R).
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It is tempting to conjecture that every closed exact lcs manifold has a Reeb 2-curve, in analogy to the
Weinstein conjecture. However this is false:

Theorem 1.10. Let T2, g.; be the 2-torus with its standard flat metric. Let Mg , be the mapping torus

of the unit contangent bundle of T?, with gg corresponding to an isometry ¢ : (T2, gst) — (T2, gst),
which does not fix the image of any closed geodesic (an irrational rotation in both coordinates). Then
Mg 1 has no Reeb 2-curves.

1.1.2. Reeb 1-curves.

Definition 1.11. A smooth map o: S* — M is a Reeb 1-curve in an ezact lcs manifold (M, )\, a),
if
vt e St (A0 (t)) > 0) A (d(t) € D).
Definition 1.12. We say that an exact lcs manifold (M, A, «) satisfies the Reeb condition if:
AMXqa) > 0.

The following is elementary and is proved in Section 3.
Proposition 1.13. FEvery closed exact lcs surface satisfying the Reeb condition has a Reeb 1-curve.
We will refer to the following as the conformal symplectic Weinstein conjecture.

Conjecture 2. Suppose that (M, )\, «) is a closed exact lcs manifold of dimension 4 satisfying the
Reeb condition, then it has a Reeb 1-curve.

In special cases, the conjecture reduces to the Weinstein conjecture in dimension three. For exam-
ple:

Theorem 1.14. Suppose that (M, A, @) (as in the statement of the conjecture) has a codimension one
closed submanifold C, which is transverse to the Liouville vector field X (defined as above) and such
that dX is degenerate along C, then the conjecture is satisfied for this structure.

Proof. A simple instructive exercise shows that in this case (C, A|¢) is contact. The condition that dA
is degenerate along C, readily implies that ker dA = {X,, X} along C, which in turn ensures that any
closed A|c-Reeb orbit, gives a Reeb 1-curve in M. And so by the proof of Taubes [26] of the Weinstein
conjecture in dimension three, the conformal symplectic Weinstein conjecture holds in this case. O

Corollary 3.5 in Section 3 gives another partial verification of the conformal symplectic Weinstein
conjecture, for structures nearby to lcs-fications.

Proposition 1.15. The analogue of Conjecture 2, in all dimensions, implies the Weinstein conjecture:
every closed contact manifold (C,\) has a closed Reeb orbit.

Proof of Proposition 1.15. Let (M = C x S',\,a) be the lcs-fication of a closed contact manifold
(C,\). Then it satisfies the Reeb condition. Suppose that o: S' — M is a Reeb 1-curve. Then

Vit € 10,1] : A(o(t)) > 0
and o is tangent to V\ = D. Consequently, prg o o is tangent to ker d\, and
vV €10,1] : M(prc o 0)' (1)) > 0.
It follows that pre o o is a Reeb orbit of (C, \) up to parametrization. g
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1.2. Organization. The main theorems are proved in Section 7. Section 2 presents detailed pre-
liminaries for lcs geometry, which should make this paper self contained and accessible to a general
reader.

2. PRELIMINARIES ON lcs ON MANIFOLDS

Definition 2.1. A locally conformally symplectic manifold or just an lcs manifold, is a smooth 2n-fold
M with an lcs structure: which is a non-degenerate 2-form w, with the property that for every p € M
there is an open U 3 p such that w|y = fu - wu, for some symplectic form wy defined on U and some
smooth positive function fuy on U.

These kinds of structures were originally considered by Lee in [11], arising naturally as part of an
abstract study of “a kind of even dimensional Riemannian geometry”, and then further studied by a
number of authors see for instance, [2] and [27]. An lcs manifold admits all the interesting classical
notions of a symplectic manifold, like Lagrangian submanifolds and Hamiltonian dynamics, while at
the same time forming a much more flexible class. For example Eliashberg and Murphy show that if a
closed almost complex 2n-fold M has H'(M,R) # 0 then it admits a lcs structure, [7]. Another result
of Apostolov, Dloussky [1] is that any complex surface with an odd first Betti number admits a lcs
structure, which tames the complex structure.

To see the connection with the first cohomology group H'(M,R), mentioned above, let us point out
right away the most basic invariant of a lcs structure w, when M has dimension at least 4. This is
the Lee class, a = «,, € H'(M,R). This class has the property that on the associated a-covering
space (see proof of Lemma 6.1) M, the lift & is globally conformally symplectic. Thus, an les form is
globally conformally symplectic, that is diffeomorphic to e/ - w’, with w’ symplectic, iff its Lee class
vanishes.

Again assuming M has dimension at least 4, the Lee class « has a natural differential form represen-
tative, called the Lee form, which is defined as follows. We take a cover of M by open sets U, in which
w = efe . w, for w, symplectic. Then we have 1-forms d(f,) on each U,, which glue to a well-defined
closed 1-form on M, as shown by Lee. We may denote this 1-form and its cohomology class both by
«. It is moreover immediate that for an lcs form w,

dw=aAw,
for « the Lee form as defined above.

As we mentioned lcs manifolds can also be understood to generalize contact manifolds. This works
as follows. First we have a class of explicit examples of lcs manifolds, obtained by starting with a
symplectic cobordism (see [7]) of a closed contact manifold C' to itself, arranging for the contact forms
at the two ends of the cobordism to be proportional and then gluing the boundary components, (after
a global conformal rescaling of the form on the cobordism, to match the boundary conditions).

Terminology 1. For us a contact manifold is a pair (C,A) where C is a closed manifold and X a
contact form: Vp € C' : A A A?"(p) # 0. This is not a completely common terminology as usually it
is the equivalence class of (C,\) that is called a contact manifold, where (C,\) ~ (C,X) if A = fN
for f a positive function. (Given that the contact structure, in the classical sense, is co-oriented.) A
contactomorphism between (Cq,\1), (Ca, \2) is a diffeomorphism ¢ : C7 — Cy s.t. ¢*Ag = fA; for
some f > 0. It is called strict if p* Ao = A;1.

A concrete basic example, which can be understood as a special case of the above cobordism construc-
tion, is the following.
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Ezample 2 (Banyaga). Let (C,)\) be a contact manifold, S' = R/Z, df the standard non-degenerate
1-form on S* satisfying fsl df =1. And take M = C x S with the 2-form

wx = do A :=d\—a A A,

for o := pr.do, prer : C'x S1 — S1 the projection, and A likewise the pull-back of A by the projection
C x S — C. We call (M,w,) as above the les-fication of (C,)). This is also a basic example of a
first kind lcs manifold, as in Definition 2.4 ahead.

The operator
(2.2) do - QF(M) — QFFL(M)

is called the Lichnerowicz differential with respect to a closed 1-form «, and it satisfies d, o d, = 0 so
that we have an associated Lichnerowicz chain complex.

Definition 2.3. An exact lcs form on M is an les 2-form s.t. there exists a pair of one forms (A, @)
with « a closed 1-form, s.t. w = da A is non-degenerate. In the case above we also call the pair (\, &)
an exact lcs structure. The triple (M, A\, «) will be called an exact les manifold, but we may also
call (M,w) an exact lcs manifold when (A, &) are implicit.

An exact lcs structure determines a generalized distribution Vy on M:
Vi(p) ={v e T,M|d\(v,-) =0},

which we call the vanishing distribution. We also define a generalized distribution £, that is the
w-orthogonal complement to Vy, which we call co-vanishing distribution. For each p € M, V\(p)
has dimension at most 2 since d\ — a A \ is non-degenerate. If M?" is closed V) cannot identically
vanish since (d\)™ cannot be non-degenerate by Stokes theorem.

Definition 2.4. Let (A, «) be an exact les structure on M. We call v integral, rational or irrational
if its periods are integral, respectively rational, or respectively irrational. We call the structure (X, a)
scale integral, if ca is integral for some 0 # ¢ € R. Otherwise we call the structure scale irrational.
If V is non-zero at each point of M, in particular is a smooth 2-distribution, then such a structure is
called first kind. If w is an exact lcs form then we call w integral, rational, irrational, first kind if the
exists A\, s.t. w = da\ and (A, @) is integral, respectively irrational, respectively first kind. Similarly
define, scale integral, scale irrational w.

Definition 2.5. A conformal symplectomorphism of lcs manifolds ¢ : (My,wy) — (Ma,ws) is a
diffeomorphism ¢ s.t. ¢*ws = efwi, for some f. Note that in this case we have an induced relation
(when M has dimension at least 4):
¢*a1 =aqq + dfa

where oy 1s the Lee form of wi and g is the Lee form of wg. If f = 0 we call ¢ a symplectomorphism.
A (conformal) symplectomorphism of exact lcs structures (A1, 1), (A2, ag) on My respectively M is a
(conformal) symplectomorphism of the corresponding les 2-forms. If a diffeomorphism ¢ : My — My
satisfies ¢* Ao = A1 and ¢*as = oy we call it an isomorphism of the exact lcs structures. This is
analogous to a strict contactomorphism of contact manifolds.

To summarize, with the above notions we have the following basic points whose proof is left to the
reader:

(1) An isomorphism of exact les structures (A1, a1), (A2, a2) preserves the first kind condition, and
moreover preserves the corresponding vanishing distributions.

(2) A symplectomorphism of lcs forms preserves the first kind condition.
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(3) A conformal symplectomorphism of exact lcs structures generally does not preserve the first
kind condition.

(4) A (conformal) symplectomorphism of first kind lcs structures generally does not preserve the
vanishing distributions. (Similar to a contactomorphism not preserving Reeb distributions.)

(5) A conformal symplectomorphism of les forms and exact lcs structures preserves the rationality,
integrality, scale integrality conditions.

Remark 2.6. In view of the above, in the context of the paper, especially in the context of the conformal
symplectic Weinstein conjecture, the correct “gauge group” is the group of symplectomorphisms, rather
than conformal symplectomorphisms. Although neither gauge group will be studied in this note.

Remark 2.7. We say that wy is conformally equivalent to w; if w; = efwy, i.e. the identity map is a
conformal symplectomorphism id : (M,wy) — (M,wq). It is important to note that for us the form w
is the structure not its conformal equivalence class, as for some authors. In other words conformally
equivalent structures on a given manifold determine distinct but isomorphic objects of the category,
whose objects are lcs manifolds and morphisms conformal symplectomorphisms.

Ezxample 3. One example of an lcs structure of the first kind is a mapping torus of a strict contacto-
morphism, see Banyaga [2]. The mapping tori My . of a strict contactomorphism ¢ of (C, A) fiber over
St

m:C <= My, — S,
with Lee form of the type o = ¢n*(df), for some 0 # ¢ € R. In particular, these are scale integral first
kind lcs structures.

Moreover we have:

Theorem 2.8 (Ounly reformulating Bazzoni-Marrero [3]). A first kind lcs structure (A, ) on a closed
manifold M is isomorphic to the mapping torus of a strict contactomorphism if and only if it is scale
integral.

The (scale) integrality condition is of course necessary since the Lee form of a mapping torus of a
strict contactomorphism will have this property. Thus we may understand scale irrational first kind
lcs structures as first (and rather dramatic) departures from the world of contact manifolds into a
brave new lcs world.

Remark 2.9. Note that scale irrational first kind structures certainly exist. A simple example is given
by taking X, a to be closed scale irrational 1-forms on T2 with transverse kernels. Then w = A A « is
a scale irrational first kind structure on 72. In particular (), ) cannot be a mapping torus of a strict
contactomorphism even up to a conformal symplectomorphism. In general, on a closed manifold we
may always perturb a (first kind) scale integral lcs structure to a (first kind) scale irrational one. The
examples of the present paper deal with deformations of this sort.

3. ON REEB 2-CURVES
Definition 3.1. Define the set £(M) of exact lcs structures on M, to be:

L(M) ={(B,7) € QM) x Q' (M) |~ is closed, d.3 is non-degenerate}.
Define F(M) C L(M) to be subset of (possibly irrational) first kind lcs structures.

In what follows we use the following C'* metric on L(M). For (A1, 1), (A2, a2) € L(M) define:
(3:2) doo (A1, 1), (A2, a2)) = deoe (A1, A2) + dee (o1, a2),
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where do on the right side is the usual C'° metric.

The following theorems are proved in Section 7, based on the theory of elliptic pseudo-holomorphic
curves in M.

Theorem 3.3. Let (C,\) be a closed contact manifold, satisfying one of the following conditions:
(1) (C,X) has at least one non-degenerate Reeb orbit.

(2) (N, R*, B) # 0 where the latter is the Fuller index of some open compact subset of the orbit
space: N C O(R*, B), as previously.

Then we have the following:

(1) For some do, neighborhood U of the les-fication (X, ) of the space F(M = C x S'), every
element of U admits a Reeb 2-curve.

(2) For any (N,d') € U, the corresponding Reeb 2-curve u : ¥ — M can be assumed to be elliptic
meaning that ¥ is elliptic (more specifically: a nodal, topological genus 1, closed, connected
Riemann surface).

(3) u can also be assumed to be a-charge 1 (see Definition /.3).

(4) If M has dimension 4 then u can be assumed to be embedded and normal (the set of nodes
is empty). And so in particular, such a u represents a closed, (w = da\)-symplectic torus
hypersurface.

Theorem 3.4. Suppose that (M, \,«) is an exact lcs manifold satisfying the Reeb condition. If
(M, A\, &) has an immersed Reeb 2-curve then it also has a Reeb I-curve. Furthermore, if it has an
immersed elliptic Reeb 2-curve, then this Reeb 2-curve is normal.

We have an immediate corollary of Theorem 3.3 and Theorem 3.4.

Corollary 3.5. Let A be a contact form, on closed 3-manifold C, with at least one non-degenerate
Reeb orbit, or more generally satisfying i(N, R*, 3) # 0 for some open compact N as previously. Then
there is a do meighborhood U of the lcs-fication (X, @) in the space F(C x SY), s.t. for each (N, a') € U
there is a Reeb 1-curve.

Lemma 3.6. Let (M, \,«) be an ezact lcs manifold with M closed then 0 # [a] € H*(M,R).

Proof. Suppose by contradiction that « is exact and let g be its primitive. Then computing we get:
do\ = %d( fA) with f = e9. Consequently, d(f\) is non-degenerate on M which contradicts Stokes
theorem. g

Proof of Proposition 1.13. This follows by Theorem 3.4. As in this case by the lemma above the
identity map X — X is an immersed Reeb 2-curve, by Lemma 3.6. O

4. J-HOLOMORPHIC CURVES IN CERTAIN LCS MANIFOLDS

Let M, J be an almost complex manifold and ¥, 5 a Riemann surface. Recall that a map v : ¥ — M
is said to be J-holomorphic if duo j = J o du.

Notation 1. We will often say J-curve in place of J-holomorphic curve.
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First kind lcs manifolds give immediate examples of almost complex manifolds where the L? energy
functional is unbounded on the moduli spaces of fixed homology class J-curves, as well as where null-
homologous J-curves can be non-constant. We are going to see this shortly after developing a more
general theory.

Definition 4.1. Let (M, \, «) be an exact les manifold, satisfying the Reeb condition: w(Xy, X, ) =
MXao) > 0, where w = doA. In this case, D is a 2-dimensional distribution, and we say that an
w-compatible J is (A, a)-admissible or w-admissible (when X\, o are implicit) if:

o J preserves the canonical distribution D and preserves the w-orthogonal complement DL of D.
That is J(V) C D and J(D+) C D+.

e d)\ tames J on D+.

Admissible J exist by classical symplectic geometry, and the space of such J is contractible see [17]. We
call (A, o, J) as above a tamed exact Ics structure, and (w, J) is called a tamed exact lcs structure
if w=duA, for (A, a,J) a tamed exact les structure. In this case (M,w,J), (M, A, «, J) will be called
a tamed exact lcs manifold.

Ezample 4. If (M, \, «) is first kind then by an elementary computation w(Xy, X,) = 1 everywhere.
In particular, we may find a J such that (A, «, J) is a tamed exact lcs structure, and the space of such
J is contractible. We will call (M, A, «, J) a tamed first kind lcs manifold.

Lemma 4.2. Let (M, )\ «,J) be a tamed first kind lcs manifold. Then given a smooth u : ¥ — M,
where ¥ is a closed (nodal) Riemann surface, u is J-holomorphic only if
image du(z) C Vi (u(z))

forall z € i, where U : ¥ — M s the normalization of u (see Definition 7.1). In particular u*d\ = 0.

Proof. As previously observed, by the first kind condition, V) is the span of X, X, and hence
V.= V,\ = D)\.
Let u be J-holomorphic, so that w is J-holomorphic (by definition of a J-holomorphic nodal map).

We have
/ wdA =10
by

by Stokes theorem. Let proj(p) : T,M — V-(p) be the projection induced by the splitting TM =
Vaevt

Suppose that for some z € 3, proj o du(z) # 0. By the conditions:
e J is tamed by d\ on V.
e d)\ vanishes on V.
o J preserves the splitting TM =V @ V*.
we have ff: w*dX > 0, a contradiction. Thus,
Vz €Y :projodi(z) =0,

S0
Vz € ¥ : image di(z) C VA(u(z)).
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Example 5. Let (C x S*, X\, «) be the lcs-fication of a contact manifold (C, ). In this case

X, = (R} 0),
where R? is the Reeb vector field and
d
X\=(0,—

is the vector field generating the natural action of S! on C' x S*.

If we denote by ¢ C T(C x S') the distribution £(p) = ker A(p), then in this case £ = V< in the
notation above. We then take J to be an almost complex structure on &, which is S! invariant, and
compatible with dA. The latter means that

97( ) = d)\|§(-, J:)
is a J invariant Riemannian metric on the distribution &.

There is an induced almost complex structure J* on C' x S', which is S'-invariant, coincides with .J
on & and which satisfies:

JMNXa) = X
Then (C x S, )\, a, J*) is a tamed integral first kind lcs manifold.

4.1. Charged elliptic curves in an lcs manifold. We now study moduli spaces of elliptic curves
in a lcs manifold, constrained to have a certain charge. ' In the present context, one reason for the
introduction of “charge” is that it is now possible for non-constant holomorphic curves to be null-
homologous, so we need additional control. Here is a simple example: take S® x S with J = J*, for
the A the standard contact form, then all the Reeb holomorphic tori (as defined further below) are
null-homologous.

Let ¥ be a complex torus with a chosen marked point z € ¥, i.e. an elliptic curve over C. An
isomorphism ¢ : (X1,21) — (¥o, 22) is a biholomorphism s.t. ¢(z1) = 2z2. The set of isomorphism
classes forms a smooth orbifold M; ;. This has a natural compactification - the Deligne-Mumford
compactification Ml,l, by adding a point at infinity, corresponding to a nodal genus 1 curve with one
node.

The notion of charge can be defined in a general setting. Let M be a manifold endowed with a closed
integral 1-form . Let u : T? — M be a continuous map satisfying [u*a] # 0 € HY(T?,Z). We then
have a classifying map g : 72 — S! s.t. ¢*df = c- u*a for some c¢. Take a component of a regular
fiber of g, and let [y] € Hy(T?,Z) denote the corresponding class, represented by v : S* — T2, Let
[p] € H1(T?,Z), likewise represented by p : S' — T2, be the Poincare dual class so that:

<[7}’U*a> =0, ([p],u*a) 7é 0,

where (,) is the natural pairing of homology and cohomology. These [v], [p] generate Hy(T?,Z), and
[v] - [p] = 1, where - is the intersection pairing with respect to the standard complex orientation on
T2,

Definition 4.3. For u, v, p as above. We call

n = [([p], u*a)| € Nxo,

the a-charge of u, or just the charge of uw when « is implicit. Suppose furthermore that (p, u*a) > 0.
Then the class [u o] € m (M) will be called the m-class of u, for m (M) the set of free homotopy
classes of loops as before.

IThe name charge is inspired by the notion of charge in Oh-Wang [21], in the context of contact instantons. However,
the respective notions are not obviously related.
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It is easy to see that the a-charge and m-class is independent of the choices above. We may extend
the definition of charge to curves u : ¥ — M, with ¥ a nodal elliptic curve, as follows. If p: S' — %
represents the generator of Hy(X,Z) then define the charge of u to be |{p, u*«)|. Obviously the charge
condition is preserved under Gromov convergence of stable maps. But it is not preserved in homology,
so that charge is not a functional Hy(M,Z) — N.

Definition 4.4. By the above, associated to a continuous map u : X — M with X an elliptic curve,
and non-zero a-charge, we have a triple (A,8,n) € H2(M,Z) x w1 (M) x Nxg, corresponding to the
homology class, the m-class, and the a-charge. This triple will be called the charge class of u.

Let (M,J) be an almost complex manifold and « a closed integral 1-form on M non vanishing in
cohomology, then we call (M, J, a) a Lee manifold. Suppose for the moment that there are no non-
constant J-holomorphic maps (S2,5) — (M, J) (otherwise we need stable maps), then for n > 1 we
define:

M1 (J,AB)

as the set of equivalence classes of tuples (u,S), for S = (X, 2) a possibly nodal elliptic curve and
w: X — M a charge class (4, §,n), J-holomorphic map. The equivalence relation is (u1, S1) ~ (uga, S2)
if there is an isomorphism ¢ : S; — S5 s.t. ug 0¢ = uy. It is not hard to see that such an isomorphism
of preserves the charge class, so that M?yl(J, A, B) is well defined.

Also note that the expected dimension of ﬂil(J AJA B) is 0. Tt is given by the Fredholm index of
the operator (6.5) which is 2, minus the dimension of the reparametrization group (for non-nodal
curves) which is 2. That is given an elliptic curve S = (X, z), let G(X) be the 2-dimensional group
of biholomorphisms ¢ of ¥. Then given a J-holomorphic map u : ¥ — M, (¥, z,u) is equivalent to

(%, 6(2), w0 ¢) in My 1 (J*, A, B), for ¢ € G(X).

By Slight abuse we may just denote such an equivalence class above simply by u, so we may write
u € M;LJ(J»A, B), with S implicit.

4.2. Reeb holomorphic tori in (C' x S, J*). In this section we discuss an important example. Let
(C, \) be a contact manifold and let o and J* be as in Example 5. So that in particular we get a Lee
manifold (C x S, J*, a).

In this case we have one natural type of charge 1 J*-holomorphic tori in M = C x S'. Let o be a
period ¢, closed Reeb orbit o of R*, and let 3 it’s class in 71 (C) C 71 (M). A Reeb torus u, for o is
the map

Uy : (ST x St =T%) = C x S*
uo(s,t) = (0(s),t).

A Reeb torus is J*-holomorphic for a uniquely determined holomorphic structure j on T2 defined
by:

., 0 0

J(&) = C&-

5. ELEMENTS OF GROMOV-WITTEN THEORY OF AN ALMOST COMPLEX MANIFOLD

Suppose that (M, J) is an almost complex manifold (possibly non-compact), where the almost complex
structures J are assumed throughout the paper to be C*°. Let N C ﬂg,ku A) be an open compact
subset (not necessarily connected) with energy positive on N. The latter energy condition is only
relevant when A = 0. We shall primarily refer in what follows to work of Pardon in [22], being more
familiar to the author. However, the original setup of Fukaya-Ono [10], and later expanded with
Oh-Ohta [9] can also work here in the same fashion.
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The construction in [22] of an implicit atlas, on the moduli space M of J-curves (possibly nodal with
homological and or other constraints) ostensibly asks for J to be tamed by a symplectic form. But this
is only needed to establish compactness. More specifically, suppose we have a general almost complex
pair (M, J) and a subset N C M that is open and compact. Then the construction in [22] works word
for word to establish existence of a natural implicit atlas on N. The openness condition is needed
since the implicit atlas construction needs neighborhoods of elements in M in the space of all curves
(likewise for Kuranishi structures.)

So for an open compact component N as above, we have a well defined natural implicit atlas, (or a
Kuranishi structure in the setup of [10]). And so such an N will have a virtual fundamental class in
the sense of [22]. This understanding will be used in other parts of the paper, following Pardon for the
explicit setup.

We may thus define functionals:

(5.1) GWyn(N,J,A): H.(M,,) ® H.(M) = Q.

In our more specific context we must in addition restrict the charge, which is defined at the moment
for genus 1 curves. So supposing (M, J, «) is a Lee manifold we may likewise define functionals:

(52) GWlk,l(Na JaA7ﬂ) : H*(MLl) ® H*(M) — Q7

—k
meaning that we restrict the count to charge class (4, 8, k) curves, with N C M; 1(J, A, ), an open
compact subset. If N is not specified it is understood to be the whole moduli space (if it is known to
be compact).

We now study how functionals depend on N, J. To avoid unnecessary generality, we discuss the case of
GW{ (N, J, A, B). Given a Frechet smooth family {.J;}, ¢ € [0,1], on M, we denote by ﬂil({Jt}, A, B)
the space of pairs (u,t), u € ﬂ]f,l(Jt, A, B).

Lemma 5.3. Let {J;}, t € [0,1] be a Frechet smooth family of almost complex structures on M.
Suppose that N is an open compact subset of the cobordism moduli space ﬂil({Jt}, A, B), with k > 0.
Let
N; = N0 (My, (i, 4,8))

then

GWF,(No, Jo, A) = GWF (N1, Ji, A, B).
In particular z']”(?Wllfl(N()7 A, Jo, B) # 0, there is a Ji-holomorphic, stable, charge class (A, B, k) elliptic
curve in M.

Proof of Lemma 5.3. We may construct exactly as in [22] a natural implicit atlas on N , with boundary
Ng? U Ny, (op denoting opposite orientation). And so we immediately get

GWlkil(N(h J(]vAvﬁ) = GWlk,l(Nla JlaA7B)'
O

Remark 5.4. The condition that k£ > 0 is a simple way to rule out degenerations to constant curves,
but is not really essential. In the case the manifold is closed, degenerations of J-holomorphic curves
to constant curves are impossible. This can be deduced from energy quantization coming from the
general monotonicty theorem as appearing in Zinger [31, Proposition 3.12]. This was noted to me by
Spencer Cattalani. Even if the manifold is not compact, given the assumption that N itself is compact,
we may similarly preclude such degenerations.

We now state a basic technical lemma, following some standard definitions.
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Definition 5.5. An almost symplectic pair on M is a tuple (w,J), where w is a non-degenerate
2-form on M, and J is w-compatible, meaning that w(-,J-) defines J-invariant Riemannian metric,
denoted by g5 (with w implicit).

Definition 5.6. We say that a pair of almost symplectic pairs (w;, J;) are 6-close, if wy,wy are C™
6-close, and Jy, J1 are C* §-close, i = 0,1.

Let S(A) denote the space of equivalence classes of all smooth, nodal, stable, charge k, elliptic curves
in M in class A, with the standard Gromov topology determined by g;. That is elements of S(A)

are like elements of M, ;(J, A, ) but are not required to be J-holomorphic. In particular, we have a
continuous function:

e=-¢eq, : S(A) = Rxo.

Lemma 5.7. Let (w,J) be an almost symplectic pair on a compact manifold M and let N C

ﬂlil((], A, B) be compact and open (as a subset of ﬂil([], A)). Then there exists an open U C S(A)
satisfying:

(1) e is bounded on U.
(2) UDN.

(3) TNMy (), A,8) = N.

Proof. The Gromov topology on S(A) has a basis B satisfying:
(1) If V € B then e is bounded on V.
(2) If U is open and u € U, then
VeB:(ueV)A(V CU).
In the genus 0 case this is contained in the classical text McDuff-Salamon [18, page 140]. The basis

B is defined using a collection of “quasi distance functions” {p.}. on the set stable maps. The higher
genus case is likewise well known.

Thus, since N is relatively open, using the properties of B above, we may find a collection {V,} C B
s.t.

o {V,} covers N.

o Vo MMy, (J,A,8) C N.

As N is compact, we have a finite subcover {V,,,,...,Va,}. Set U := Ujeq1,... n} Vo, Then U satisfies
the conclusion of the lemma. O

Lemma 5.8. Let (M,w,J,a) be as above, N C M]f’l(J,A,ﬁ) an open compact set, and U as in the

lemma above. Then there is a § > 0 s.t. whenever J' is C? §-close to J if u € ﬂf)l(J’,A,ﬁ) and
ueU thenu e U.

Proof. Suppose otherwise, then there is a sequence {J;} C? converging to .J, and a sequence {uz} €
U —U of Jy-holomorphic stable maps. Then by property 1 eg, is bounded on {uy}. Hence, by Gromov
compactness, specifically theorems [18, B.41, B.42], we may find a Gromov convergent subsequence
{u,} to a J-holomorphic stable map u € U — U. But by Properties 3, 2 of the set U,

(T - U) N My (), A, 8) = 0.

So that we obtain a contradiction. O
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Lemma 5.9. Let M,w,J,a and N C ﬂ];l(J,A,ﬂ) be as in the previous lemma. Then there is a
0 >0 s.t. the following is satisfied. Let (w',J") be §-close to (w,J), then there is a continuous in the
C topology family {J;}, Jo =J, J1 = J' s.t. there is an open compact subset

N C mil({Jt}; Avﬂ)a

satisfying
N M, (J, A B) = N,

Proof. First let § be as in Lemma 5.8. We then need:

Lemma 5.10. Given a6 > 0 there is a &' > 0 s.t. if (W', J’) is 6'-near (w, J) then there is a continuous
in the C* topology family {(ws, Ji)} satisfying:

o (wy, Jy) is 0-close to (w,J) for each t.
o (wo, o) = (w,J) and (w1, J1) = (W', J').

Proof. Let {g:} be the family of metrics on M given by the convex linear combination of g = g.,,,¢" =
9uw.g, gt = (1 —t)g + tg’. Clearly g, is C*° ¢'-close to go for each ¢. Likewise, the family of 2 forms
{wt} given by the convex linear combination of w, w’ is non-degenerate for each t if 6’ was chosen to
be sufficiently small. And each w; is C*° ¢’-close to wy = wy, .

Let

ret : Met(M) x Q(M) — J (M)
be the “retraction map” (it can be understood as a retraction followed by projection) as defined in [17,
Prop 2.50], where Met(M) is space of metrics on M, Q(M) the space of 2-forms on M, and J(M)
the space of almost complex structures. This map has the property that the almost complex structure
ret(g,w) is compatible with w, and that ret(gs,w) = J for gy = w(-,J-). Then {(ws, ret(ge,wt)} is a

compatible family. As ret is continuous in C*°-topology, 6’ can be chosen such that {ret;(g;,w;} are
C® §-nearby. O

Returning to the proof of the main lemma. Let §' < § be chosen as in Lemma 5.10 and let {(ws, J¢)}
be the corresponding family. Set

~
N =M ({Je}, A, 8)N (U x [0,1]),
where U is as in Lemma 5.8.

Then N is an open subset of Mil({Jt}, A, 3). By Lemma 5.8,

~ 7’6 P

N = Ml,l({‘]t}vAaﬂ) N (U X [07 ”)7
so that N is also closed.

Finally, sup ,, ¢ €g. (u) < o0, by condition 1 of U, and since {eg4, }, t € [0,1] is a continuous family.

Consequently N is compact by the Gromov compactness theorem. Resetting 6 := ¢, we are then done
with the proof of the main lemma. O

Proposition 5.11. Given an almost complex manifold M,J suppose that N C ﬂlf’l(J, A) is open
and compact. Suppose also that GWlk,l(N, J,A,B) # 0. Then there is a § > 0 s.t. whenever J' is C?

d-close to J, there exists u € ﬂil(J/,Aﬁ),
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Proof. For N as in the hypothesis, let U, § and N be as in Lemma 5.9, then by the conclusion of that
lemma and by Lemma 5.3

GWlk,l(NlaJ/aAaﬂ) = GWlk,l(Na J7A7ﬂ) 7é Oa
where Ny = N ﬂmlf’l(Jl,A,ﬁ). O

6. ELLIPTIC CURVES IN THE LCS-FICATION OF A CONTACT MANIFOLD AND THE FULLER INDEX

The following elementary result is crucial for us.

Lemma 6.1. Let (M, )\ «,J) be a tamed first kind lcs manifold. Then every non-constant (nodal)
J-holomorphic curve u : ¥ — M is a Reeb 2-curve.

Proof of Lemma 6.1. Let u: X — M be a non-constant, nodal (possibly empty set of nodes) J-curve.
By Lemma 4.2 it is enough to show that [u*a] # 0. Let M denote the a-covering space of M, that
is the space of equivalence classes of paths p starting at ¢ € M, with a pair p1,ps equivalent if
p1(1) = p2(1) and

Then the lift of w to M is
= —=d(f\),

where f = e™9 and where ¢ is a primitive for the lift & of « to M that is & = dg. In particular @ is
conformally symplectomorphic to an exact symplectic form on M. So if J denotes the lift of J, any
closed J-curve is constant by Stokes theorem. Now if [u*a] = 0 then u has a lift to a J-holomorphic

map v : X — M. Since ¥ is closed, it follows by the above that v is constant, so that u is constant,
which is impossible. O

6.1. Preliminaries on Reeb tori. Let (M = C'x S, \, a) be the lcs-fication of (C, \). For 8 € 71(C)
we set AL = 8@ [S'] € Hy(M,Z). Let O(R, B), be the orbit space as in the Introduction. Let J* on
C x S! be as in Section 4.2. We have a map:

(6.2) P:OR,8) = My ()N A B), Plo) = s,

for u, the Reeb torus as previously. We can say more:

Proposition 6.3. For any (A, a)-admissible J there is a natural bijection: °

P O(R, ) = My, (J, AL, B),

with P the map (6.2) in the case J = J*. (Note that there is an analogous bijection O(R*,3) —
M?’l((], A, B), forn > 1, where A =n- B ® [S']).

In the particular case of J», we see that all elliptic curves in C x S! are Reeb tori, and hence the
underlying complex structure on the domain is “rectangular”. That is, they are quotients of the
complex plane by a rectangular lattice. This stops being the case when we consider generalized Reeb
tori in Section 7.1 for the mapping torus of some strict contactomorphism. Moreover, for more general
compatible complex structures we might have nodal degenerations.

Proof of Proposition 6.3. We define P(0) to be the class represented by the unique up to isomorphism
J-holomorphic curve u : T? — M determined by the conditions:

2Tt is in fact an equivalence of the corresponding topological action groupoids, but we do not need this explicitly.
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e 1 is charge 1.

e The image of u is the image T of the map wu, : T? — M, (s,t) — (o(s),t), i.e. the image of
the Reeb torus of o.

e The degree of the map u : T? — T is the multiplicity of o.

We need to show that P is bijective. Injectivity is automatic. Suppose we have a curve u €
ﬂil(J,A,BL represented by u : ¥ — M. By Lemma 6.1 u is a Reeb 2-curve. Then u has no

spherical components, as such a component corresponds to a J*-holomorphic map v’ : CP' — M,
which by Lemma 6.1 is also a Reeb 2-curve, and this is impossible by second property in the definition.

We first show that u is a finite covering map onto the image of some Reeb torus u,.

By Lemma 7.7 normalization u is also a Reeb 2-curve. If w is not normal then u is a Reeb 2-curve
with domain CP', which is impossible by the argument above. Hence u is normal.

By the charge 1 condition prg: o u is surjective, where prg: : C x S* — S! is the projection. By the
Sard theorem we have a regular value t, € S, so that u=! o prgll (to) contains an embedded circle
So C X. Now d(prg: ou) is surjective onto Ty, S! along T|s,. And so by first property of u being a
Reeb 2-curve, o = pre ouls, has non-vanishing differential d(0). Moreover, again by the first property,
o is tangent to ker d\. It follows that o is an unparametrized A-Reeb orbit.

Also, the image of d(pr¢ o w) is in ker d\ from which it follows that image d(pro o u) = image d(0).
By Sard’s theorem and by basic differential topology it follows that the image of u is contained in the
image of the Reeb torus u,, which is an embedded 2-torus 7.

By J*-holomorphicity of u, since ¥ ~ T2, and by basic complex analysis of holomorphic maps 7% — T2,
w is a holomorphic covering map onto 7, of degree deg u.

Let 0 be degu cover of o. Then P(0) is also represented by a degree degu, charge one holomorphic
covering map « : T? — 7. By basic covering map theory there is a homeomorphism of covering
spaces:

T2 L 72

Ju
u/
T .
Then f is a biholomorphism, so that u,u’ are equivalent. O

Proposition 6.4. Let (C,€) be a general contact manifold. If A is a non-degenerate contact 1-form

for & then all the elements of ﬂil((])‘,A,ﬂ) are regular curves. Moreover, if A is degenerate then
for a period ¢ Reeb orbit o, the kernel of the associated real linear Cauchy-Riemann operator for the
Reeb torus u, is naturally identified with the I-eigenspace of ¢§’* - the time c linearized return map
£(0(0)) — £(0(0)) induced by the R* Reeb flow.

Proof. We already know by Proposition 6.3 that all u € Mil((] A A, B) are equivalent to Reeb tori.
In particular, such curves have a representation by a J*-holomorphic map

w:(T?,5) = (Y =C x S, J*).

Since each u is immersed we may naturally get a splitting «*T(Y) ~ N x T(T?), using the g; metric,
where N — T? denotes the pull-back, of the g -normal bundle to image u, and which is identified with
the pullback of the distribution &, on Y, (which we also call the co-vanishing distribution).

The full associated real linear Cauchy-Riemann operator takes the form:

(6.5) D! QN e T(T?) e T; My 1 — QN (T(T?),N @ T(T?)).
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This is an index 2 Fredholm operator (after standard Sobolev completions), whose restriction to
QO(N @ T(T?)) preserves the splitting, that is the restricted operator splits as

Do D' :Q%N)a QYT (T?)) - QUY(T(T?), N) & QU (T(T?), T(T?)).
On the other hand the restricted Fredholm index 2 operator
QUT(T?) ® TjMyy — QN (T(T?),

is surjective by classical Teichmuller theory, see also [29, Lemma 3.3] for a precise argument in this
setting. It follows that D; will be surjective if the restricted Fredholm index 0 operator

D: Q%N) = Q¥(N),
has no kernel.

The bundle N is symplectic with symplectic form on the fibers given by restriction of u*dA\, and together
with J* this gives a Hermitian structure (gx,jx) on N. We have a linear symplectic connection A
on N, which over the slices S x {t} C T? is induced by the pullback by u of the linearized R
Reeb flow. Specifically the A-transport map from the fiber Ny, ;) to the fiber N(,, ;) over the path
[s0,51] x {t} C T?, is given by

(u*‘N(sl,t))_l o (¢i\(51—50))* © u*lN(sO,t)’

where d)i‘(sl_SO) is the time c - (s; — s9) map for the R* Reeb flow, where c is the period of the Reeb
orbit o,, and where u, : N — TY denotes the natural map, (it is the universal map in the pull-back
diagram.)

The connection A is defined to be trivial in the 0y direction, where trivial means that the parallel
transport maps are the id maps over 0y rays. In particular the curvature R4, understood as a lie
algebra valued 2-form, of this connection vanishes. The connection A determines a real linear CR
operator D4 on N in the standard way, take the complex anti-linear part of the vertical differential of
a section. Explicitly,
Dy : QYN) — Q%Y(N),

is defined by

Da(p)(p) = jx o 7" (pu(p)) o dp(p) — 7" (1u(p)) o dp(p) o j,
where

T (1)) : Ty N — T;’(e;')t]\/' ~N

is the A-projection, and where T:(e;)tN is the kernel of the projection T),,) N — T),%. It is elementary
to verify that the operator D 4 is Fredholm 0 with the kernel isomorphic to the kernel of D. See also

[20, Section 10.1] for a computation of this kind in much greater generality.

We have a differential 2-form  on the total space of N defined as follows. On the fibers T¢"tN,
Q = u,w, for w = dy A, and for T'*"*N C TN denoting the vertical tangent space, or subspace of
vectors v with m,v = 0, for 7 : N — T2 the projection. While on the A-horizontal distribution 2 is
defined to vanish. The 2-form € is closed, which we may check explicitly by using that R4 vanishes
to obtain local symplectic trivializations of N in which A is trivial. Clearly € must vanish on the
0-section since it is a A-flat section. But any section is homotopic to the 0-section and so in particular
if p € ker D then 2 vanishes on .

Since p € ker D, and so its vertical differential is complex linear, it follows that the vertical differential
vanishes. To see this note that Q(v, J*v) > 0, for 0 # v € T**"*N and so if the vertical differential
did not vanish we would have f# Q > 0. So p is A-flat, in particular the restriction of u over all slices
St x {t} is identified with a period ¢ orbit of the linearized at o R* Reeb flow, and which does not
depend on t as A is trivial in the ¢ variable. So the kernel of D is identified with the vector space of
period ¢ orbits of the linearized at 0 R* Reeb flow, as needed. g



18 ELLIPTIC CURVE COUNTS AND GENERALIZED WEINSTEIN CONJECTURES

Proposition 6.6. Let A be a contact form on a (2n + 1)-fold C, and o a non-degenerate, period
¢, \-Reeb orbit, then the orientation of [u,]| induced by the determinant line bundle orientation of

My, (JP, A), s (—1)CZ@  which is

sign Det(Id |¢(o(0)) — @2 «|e(o(0)))-

Proof of Proposition 6.6. Abbreviate u, by u. Let N — T? be the vector bundle associated to u as in
the proof of Proposition 6.4. Fix a trivialization ¢ of N induced by any trivialization of the contact
distribution £ along o in the obvious sense: N is the pullback of £ along the composition

T2 - St % .
Let the symplectic connection A on N be defined as before. Then the pullback connection A’ := ¢*A
on T? x R?" is a connection whose parallel transport paths p; : [0,1] — Symp(R?"), along the closed
loops S! x {t}, are paths starting at 1, and are t independent. And so the parallel transport path of

A’ along {s} x S is constant, that is A’ is trivial in the ¢ variable. We shall call such a connection A’
on T? x R?" induced by p.

By non-degeneracy assumption on o, the map p(1) has no 1-eigenvalues. Let p” : [0,1] — Symp(R?")
be a path from p(1) to a unitary map p”’(1), with p”’(1) having no l-eigenvalues, and s.t. p” has only
simple crossings with the Maslov cycle. Let p’ be the concatenation of p and p”’. We then get

1
CZ(p') - B signT'(p’,0) =CZ(p') —n=0 mod 2,

since p’ is homotopic relative end points to a unitary geodesic path h starting at id, having regular
crossings, and since the number of negative, positive eigenvalues is even at each regular crossing of h
by unitarity. Here signT'(p’,0) is the index of the crossing form of the path p’ at time 0, in the notation
of [23]. Consequently,

(6.7) CZ@p")Y=CZ(p) —n mod 2,
by additivity of the Conley-Zehnder index.

Let us then define a free homotopy {p; } of p to p’, p; is the concatenation of p with p” ||y 4}, reparametrized
to have domain [0, 1] at each moment ¢. This determines a homotopy {A}} of connections induced by

{pt}. By the proof of Proposition 6.4, the CR operator D; determined by each .4, is surjective except

at some finite collection of times t; € (0,1), ¢ € N determined by the crossing times of p” with the

Maslov cycle, and the dimension of the kernel of Dy, is the 1-eigenspace of p”(t;), which is 1 by the

assumption that the crossings of p” are simple.

The operator D; is not complex linear. To fix this we concatenate the homotopy {D;} with the
homotopy {D;} defined as follows. Let {4;} be a homotopy of A} to a unitary connection A;, where
the homotopy {ﬂt} is through connections induced by paths {p;}, giving a path homotopy of p’ = pg
to h. Then {D,} is defined to be induced by {A;}.

Let us denote by {D}} the concatenation of {D;} with {D;}. By construction, in the second half of
the homotopy {D;}, D; is surjective. And D7 is induced by a unitary connection, since it is induced
by unitary path p;. Consequently, D} is complex linear. By the above construction, for the homotopy
{D;}, D; is surjective except for N times in (0,1), where the kernel has dimension one. In particular
the sign of [u] by the definition via the determinant line bundle is exactly

_1N _ _1C'Z(p)—n7

by (6.7), which was what to be proved. O

Theorem 6.8.
GWI (N, J*, Ag, B)([M141] ® [C x S']) = i(PH(N), R}, B),
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where N C ﬂil(‘]’\, Apg, B) is an open compact set (where P is as in Proposition 6.3), i(P~Y(N), R*, )
is the Fuller index as described in the Appendix below, and where the left-hand side of the equation is
the functional as in (5.2).

Proof. Suppose that N C ﬂil(g] A, Ag, ) is open-compact and consists of isolated regular Reeb tori
{u;}, corresponding to orbits {o;}. Denote by mult(o;) the multiplicity of the orbits as in Appendix
A. Then we have:

(_1)CZ(0i)—n

)

GWll,l(N7 J/\7A575)([M1’1] ®[C x Sl]) = Z

mult(o;)

where n half the dimension of M, the numerator is as in (A.2), and mult(o;) is the order of the
corresponding isotropy group, see Appendix B.

The expression on the right is exactly the Fuller index i(P~!(N), R, 3). Thus, the theorem follows
for N as above. However, in general if IV is open and compact then perturbing slightly we obtain a
smooth family {R**}, \g = ), s.t. )\; is non-degenerate, that is has non-degenerate orbits. And such

that there is an open-compact subset N of Miﬁl({J)‘t},Ag,B) with (N ﬂﬂil(J)‘,AB,ﬁ) = N, see
Lemma 5.9. Then by Lemma 5.3 if

N, = (ﬁﬂﬂil(ﬁ%z‘lﬁ,ﬁ))

we get
GW{ (N, J*, Ag, B)([M1,1] ® [C x S']) = GW{ (N1, J*, Ag, B)([M11] ® [C x S"]).
By the previous discussion
GW{ (N1, M, Ag, B)([M14] ® [C x S']) = i(N1, R™, B),

but by the invariance of Fuller index (see Appendix A),

i(N1, RM, B) = i(N, R*, B).

O

What about higher genus invariants of C' x S'? Following the proof of Proposition 6.3, it is not hard
to see that all J*-holomorphic curves must be branched covers of Reeb tori. If one can show that
these branched covers are regular when the underlying tori are regular, the calculation of invariants
would be fairly automatic from this data. See [30], [28] where these kinds of regularity calculation are
made.

7. PROOFS OF MAIN THEOREMS

To set notation and terminology we review the basic definition of a nodal curve.

Definition 7.1. A nodal Riemann surface (without boundary) is a pair ¥ = (i,./\/) where ¥ is a
Riemann surface, and N a set of pairs of points offl N ={(20,20), ..., (28, 21)], nz #nk fori#k
and all j,1. By slight abuse, we may also denote by 3 the quotient space i/ ~, where the equivalence
relation is generated by nl ~ nl. Let gs : I (i/ ~) denote the quotient map. The elements
gu({29,21}) € i/ ~, are called nodes. Let M be a smooth manifold. By a map u : ¥ — M of a
nodal Riemann surface ¥, we mean a set map u : (i/ ~) = M. w is called smooth or immersion or
J-holomorphic (when M is almost complex) if the map U = u o gs; is smooth or respectively immersion
or respectively J-holomorphic. We call u normalization of u. w is called an embedding if u is a
topological embedding and its normalization is an immersion. The cohomology groups of ¥ are defined
as H*(X) := H‘(i/ ~), likewise with homology. The genus of ¥ is the topological genus of i/ ~.
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We shall say that (3,N) is normal if N = (). Similarly, u: £ — M, ¥ = (,N) is called normal if
N = 0. The normalization of u is the map of the nodal Riemann surface & : ¥ — M, ¥ = (3, ). Note

that if u is a Reeb 2-curve, its normalization % may not be a Reeb 2-curve (the second condition may
fail).

7.1. Mapping tori and Reeb 2-curves. Let (C,)\) be a contact manifold and ¢ a strict contacto-
morphism and let M = (Mg 1, Ay, ) denote the mapping torus of ¢, as also appearing in Theorem
2.8. More specifically, M = C' x R/ ~, where the equivalence ~ is generated by (z,0) ~ (¢(x),0 + 1),
for more details on the corresponding lcs structure see for instance [3]. Then (M, Ay, «) is an integral
first kind lcs manifold.

In this case V\ = D, and in mapping torus coordinates at a point (x,6), it is spanned by X, =
(Q%),Xa = (R*,0) for R the \g-Reeb vector field, where \yg = A¢, the fiber over 6 of the
projection M — S'. Analogously to the Example 5 there is an S'-invariant almost complex structure
on M, which we call J*?.

We now show that all Reeb 2-curves in M must be of a certain type. Let o : S — C be a A\-Reeb and
suppose that image ¢™(0) = image o, for some n > 0, so that
Vi €[0,1] : ¢"(0)(t) = o(t + 6p)

for some uniquely determined 6y € [0,1). Let 0 : St x [0,n] — C x R be the map
_ T
o(t,7) = (o(t+ 0 - H)’T)'

Then 0 is well defined on the quotient 72 ~ S x ([0,n]/0 ~ n), and we denote the quotient map by
ug, called the charge n generalized Reeb torus of o. If the class [o] € m(C) = 3 we denote by A}
the class of ujy in Hp(M,Z). The class A} can be defined more generally whenever ¢(3) = 3, it is
the class of a torus map 72 — M defined analogously to the map u”, but no longer having the Reeb

2-curve property. We may abbreviate A}; by Ag.

By construction, u” is a charge n Reeb 2-curve and its image is an embedded J*¢-holomorphic torus
T. Moreover, u? is J*¢-holomorphic with respect to a uniquely determined complex structure on 72,
similarly to the case of Reeb tori of Section 4.2. However, unlike the case of Reeb tori, this complex
structure is not “rectangular” unless ¢™ oo = o.

Proposition 7.2. Let M = (My, Ay, @) be the mapping torus of a strict contactomorphism ¢ as above.
Then:
(1) Ewvery charge n Reeb 2-curve u in M has a factorization:
(7.3) u = u)op,
for p: 3 — T? some degree one map, and for some orbit string o uniquely determined by u.

(2) FEvery element u € m;l,l(J’\dﬂ,Ag,ﬁ) is represented (as an equivalence class in this moduli

space) by ul, where the latter is as above, for some o uniquely determined.

(3) The Fredholm index of the corresponding real linear CR operator is 2, so that the expected
dimension Ofﬂ;b’l(J)‘d’,Ag,ﬁ) is 0.

(4) Let J be a (g, )-admissible almost complex structure on M. There is a natural proper
topological embedding:

emb : My 1 (J, A%, B) — O(R*, B),

defined by u — o, where o is uniquely determined by the condition (7.3).
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Proof. The proof of part one is completely analogous to the proof of Proposition 6.3. To prove the
second part, first note that by the first part v has image 7 = imageu for some n,o0, and 7 is an
embedded J*#-holomorphic torus. By basic theory of mappings of complex tori u must be a covering
map > — 7. Since we know the charge n, as in final part of the proof of Proposition 6.3, we may
conclude that w ~ u for some uniquely determined o, where =~ is an isomorphism.

We prove Part 3. Note that ¢ (ATBL) = 0, as by construction the complex tangent bundle along u}
admits a flat connection, induced by the natural G-connection on M, — S', for G the group of
strict contactomorphisms of (C, ), cf. Proof of Proposition 6.4. The needed fact then follows by the
index/Riemann-Roch theorem.

The last part of the proposition readily follows from the first part. O

Proof of Theorem 1.10. Let v : ¥ — (M = M$,1) be a Reeb 2-curve in the mapping torus as in the
statement. By part one of Proposition 7.2, there must be a generalized charge n Reeb torus in M. By
definitions this means that % has a charge n fixed Reeb string, so that ¢ has a charge n fixed geodesic
string, which is impossible by assumptions. O

Proposition 7.4. Let (C,\) be a contact manifold with X\ satisfying one of the following conditions:
(1) There is a non-degenerate A-Reeb orbit.
(2) i(N,R*, B) # 0 for some open compact N C O(R*,3), and some /3.

Then:

(1) Let (A, «) be the lcs-fication of (C,\). There exists an € > 0 s.t. for any tamed exact lcs
structure (N, o/, J) on M = C x S, with (do N, J) e-close to (da A, J*) (as in Definition 5.6),
there exists an elliptic, J-holomorphic a-charge 1 curve u in M.

(2) In addition, if (M, N, o) is first kind and has dimension 4 then u may be assumed to be normal
and embedded.

Proof. If we have a closed non-degenerate A\-Reeb orbit o then we also have an open compact subset
N = {o} C S\. Thus suppose that the condition 2 holds.

Set
~ —1
(N = P(N)) C MI,I(J)\v Aﬁv 5)7
which is an open compact set. By Theorem 6.8, and by the assumption that i(N, Ry, 8) # 0
GWII,I(N7 J)\uAﬁaB) 7é 0.
The first part of the conclusion then follows by Proposition 5.11.

We now verify the second part. Suppose that M has dimension 4. Let U be an e-neighborhood of
(X, a, JN), for € as given in the first part, and let (X, o’,.J) € U. Suppose that u € ﬂi,l(.], B). Let u
be a simple J-holomorphic curve covered by u, (see for instance [18, Section 2.5].

For convenience, we now recall the adjunction inequality.

Theorem 7.5 (McDuff-Micallef-White [19], [14]). Let (M, J) be an almost complex 4-manifold and
let A € Ho(M) be a homology class that is represented by a simple J-holomorphic curve u : ¥ — M.
Let 6(u) denote the number of self-intersections of u, then

26(u) — x(B) < A-A—c1(4),

with equality if and only if u is an immersion with only transverse self-intersections.
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In our case A = Ag so that ¢;(A) =0 and A- A = 0. If u is not normal its normalization is of the
form % : CP' — M with at least one self intersection and with 0 = [4] € Hy(M), but this contradicts
positivity of intersections. So u and hence u are normal. Moreover, the domain ¥’ of u satisfies:
x(X') = x(T?) = 0, so that §(u) = 0, and the above inequality is an equality. In particular u is an
embedding, which of course implies our claim.

0

Proof of Theorem 3.3. Let
U 3 (wo = do, Jo := J)
be a set of pairs (w, J) satisfying the following:
e w is a first kind lcs structure.

e For each (w,J) € U, J is w-compatible and admissible.

e Let € be chosen as in the first part of Proposition 7.4. Then each (w,J) € U is e-close to
(wo, Jo), (as in Definition 5.6).

To prove the theorem we need to construct a map E : V — J (M), where V is some neighborhood of
wp in the space (F(M), ds) (see Definition 3.1) and where

Vw eV : (w, E(w)) e U.

As then Proposition 7.4 tells us that for each w € V, there is a class A, E(w)-holomorphic, elliptic
curve u in M. Using Lemma 6.1 we would then conclude that there is an elliptic Reeb 2-curve v in
(M,w). If M has dimension 4 then in addition « may be assumed to be normal and embedded. If w
is integral, by Proposition 7.4, u may be assumed to be charge 1. And so we will be done.

Define a metric pg measuring the distance between subspaces Wy, Ws, of same dimension, of an inner
product space (T, g) as follows.
po(W1, Wa) := |Pw, — Pw,|,

for | - | the g-operator norm, and Py, g-projection operators onto W;.
Let 6 > 0 be given. Suppose that w = d® X' is a first kind lcs structure d-close to wy for the metric
doo. Then Vy/, &y are smooth distributions by the assumption that (o, \') is a lcs structure of the
first kind and TM = Vy @ €. Moreover,

Poo(Var, Va) < €5
and

Poo(Exs€0) < €5
where €5 — 0 as 0 — 0, and where po, is the C*° analogue of the metric pg, for the family of subspaces

of the family of inner product spaces (T,M, g).

Then choosing § to be suitably be small, for each p € M we have an isomorphism
é(p) : Ty,M — T, M,

¢p = PL @ Py, for P1 : Vy,(p) = Vn(p), P2 : &,(p) = & (p) the g-projection operators. Define
E(w)(p) :== ¢(p)«Jo. Then clearly, if 6 was chosen to be sufficiently small, if we take V' to be the d-ball
in (F(M),ds) centered at wp, then it has the needed property.

O

Definition 7.6. Let a be a scale integral closed 1-form on a closed smooth manifold M. Let 0 # c € R
be such that ca is integral. A classifying map p: M — S' of a is a smooth map s.t. ca = p*df. A
map p with these properties is of course not unique.
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Lemma 7.7. Let u : ¥ — M be a Reeb 2-curve in a closed, scale integral, first kind lcs manifold
(M, A\, &), then its normalization @ : ¥ — M is a Reeb 2-curve.

Proof. By Lemma 3.6 we have a surjective classifying map p : M — S' of . Note that the fibers M,
of p, for all t € S1, are contact with contact form A\, = A|¢,, as 0 # w” = a AAAdA\" L andc-a =0
on M, where c is as in the definition of p.

Let 4 : ¥ — M be the normalization of w. Suppose it is not a Reeb 2-curve, which in this case, by
definitions, just means that 0 = [u*a] € HY(3,R). Since 0 # [u*a] € HY(Z,R), some node zy of X lies
on closed loop o : S* — 3 with ([o], [u*a]) # 0.

Let gx : ¥ — ¥ be the quotient map as previously appearing. In this case, we may find a smooth
embedding 7 : D? — %, s.t. gs on(D?)|gp2 is a component of a regular fiber C, of the classifying map
p X — S! of u*a. See Figure 1, n(D?) is a certain disk in ¥, whose interior contains an element of

¢~ (20)-

FIGURE 1. The figure for ¥. The gray shaded area is the image gx o n(D?). The red
shaded curve is the image of the closed loop o as above.

Then analogously to the proof of Proposition 6.3 won|gpz is a (unparametrized) A;-Reeb orbit in M;.
(The classifying maps can be arranged, such that u(C;) C M;.) And in particular faD u*\ # 0. Now
u (not u) is a Reeb 2-curve, and the first condition of this implies that [, du*X = 0, since ker dA on
M is spanned by X, X,. So we have a contradiction to Stokes theorem. Thus, u must be a Reeb
2-curve.

O

Proof of Theorem 1.7. Let (C, A) and ¢ be as in the hypothesis. Let {¢:}, ¢t € [0, 1] be a smooth family

of strict contactomorphisms ¢g = id, ¢1 = ¢. This gives a smooth fibration M — [0, 1], with fiber over
t € [0,1]: My, 1, which is moreover endowed with the first kind lcs structure (\g,, «), where this is the
“mapping torus structure” as just discussed. Let tr : M — (C'x S81) x [0, 1] be a smooth trivialization,
restricting to the identity C' x S' — C x S over 0. Pushing forward by the bundle map tr, the above
mentioned family of lcs structures, we get a smooth family {(A¢, )}, ¢ € [0, 1], of first kind integral lcs
structures on C' x S, with (Mg, @) = (), @) the standard les-fication of \.

Fix a family {J*} of almost complex structures on C' x S with each J* admissible with respect
(A, ). Let N € O(R*,3) be an open compact set satisfying i(N, R*, 3) # 0. The embedding emb
from part 4 of Proposition 7.2 induces a proper embedding

emb: M =M, ({7}, Ag, B) = O(RY, B) x [0, 1],
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defined by e??b(u,t) = (emb(u),t).
Set No =P(N) C ﬂiyl(J)“’,Ag,B) C M. So that by construction emb(No) = N x {0}. Set
N = emb  (emb(M) N (N x [0, 1)),
then this is an open and compact subset of M. And by construction N ﬁﬂil(‘]%, Ag,B) = No. Set
Ny = NnM; (M, Ap, B).
It follows by Theorem 6.8 that
GW{ 1 (No, 2, Ag, B)([M11] © [C x S']) = i(N, R*, 8) # 0
Then applying Lemma 5.3 we get that
GWi 1 (N1, I, Ag, B)([M14] ® [C x S']) # 0.

By part two of Proposition 7.2 there is a charge 1 generalized Reeb torus u, in M. In particular,
image ¢(0) = image(0). Also by construction, o € N and so we are done. O

We say that the action spectrum is discrete if the image of the period map A : S(R*,5) — R,
01— [40 0"\ is discrete.

Definition 7.8. Assuming that the class (3 is non-torsion °, we say that (C,\) is definite type for
class B if the action spectrum of X is discrete and there is a renormalization {X®}.ecr., of R, by
smooth vector fields (not necessarily Reeb) in the sense of [25, Definition 2.6], s.t. all but finitely many
class 8 orbits of each X® have even Conley-Zehnder index (positive definite type) or or all but finitely
many orbits of X have odd Conley-Zehnder index (negative definite type).

A typical example of definite type is the standard contact form Ay on S?*T! as shown in [27].
Another example, is the unit cotangent bundle of a non-positive sectional curvature Riemannian man-
ifold.

Theorem 7.9. Let (C,\) be a contact manifold of definite type for class 5 orbits, then every strict
contactomorphism ¢ of (C,\), homotopic to the id via strict contactomorphisms, has a fixzed Reeb
string in class 3. Furthermore, the same holds for every N sufficiently C nearby to \. In particular,
for any contact form X on S**TL. sufficiently C' nearby to Ay, any strict contactomorphism ¢ of
(C, X) homotopic to the id via strict contactomorphisms has a fized Reeb string.

Proof of Theorem 7.9. For the full definition of renormalization we refer the reader to [25, Definition
2.5] (called there perturbation system). WLOG assume that R* is positive definite type. In particular,
we may find a perturbation X2 of R* together with a homotopy X, t € [0, 1], s.t.:

(1) Xo= X2, X; =R

(2) O(X%a,B) = {o € O(X* 5)|A(o) < a} is discrete, where A is the period map as in the
Introduction.

(3) Each o € O(X*,a,f) is contained in a non-branching open compact subset K, C O({X?}, ).
Where the latter means that:

(a) K,NO(Xy,p) is connected.

(b) For 0,0’ € O(X*,a,8) K, = Ky or K, N Ky = 0.
(c) O(X1,8) = Uo(K, N O(Xy, B)).

(d) (K, NO(X* B)) C O(X*a,B).

3In the torsion case the infinite type condition is more complicated see [25].
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(4) ZOEO(X‘I,@,,B) Z(O) > 0.
Set N := O(X*%,a,f), then by the condition 3 and by the non-branching property,
N = uie{l,...,n}O(Xavﬂ) N Kom

disjoint union for some o1,...0, € O(X*, a,B). Set N = Uieqt,....n} Ko,- Then NN o(X*,p) =
Set Ny := NN O(R*, 3), then this is an open compact subset of O(X7, 3).

Finally, using invariance of the Fuller index we get that i(Ny, R*, ) # 0. Then the result follows by
Theorem 1.7. 0

Proof of Theorem 1.6. Suppose that A\ is Morse-Bott and we have an open compact component N C
O(R*, 3), with x(N) # 0 so that i(N, R*, 8) # 0, [25, Section 2.1.1]. If ) is sufficiently C! nearby to
A then we may find open compact N’ € O(RX) s.t

i(N',RY,B) = i(N, R, B) # 0.
See [25, Lemma 1.6]. Then the result follows by Theorem 1.7. O

Proof of Theorem 3.4. Suppose that u : X — M is an immersed Reeb 2-curve, we then show that M
also has a Reeb 1-curve. Let @ : ¥ — M be the normalization of u, so that ¥ is an immersion. We
have a pair of transverse 1-distributions Dy = 7*R(X,), Dy = @*R(X,) on ¥. We may then find an
embedded path v : [0,1] — %, tangent to Dy s.t. A(v/(£)) > 0, Vt € [0,1], and s.t. v(0) and ~(1) are
on a leaf of Dy. It is then simple to obtain from this a Reeb 1-curve o, by joining the end points of
by an embedded path tangent to D5, and perturbing, see Figure 2. This proves the first part of the
theorem.

To prove the second part, suppose that v : ¥ — M is an immersed elliptic Reeb 2-curve. Suppose
that u is not normal. Let @ : & — M be its normalization. Then ¥ has a genus 0 component S, such
that @ : S ~ CP! — M is immersed. The distribution Dy = @ *R(X,), as appearing above, is then a
u* M-oriented 1-dimensional distribution on CP! which is impossible. O

A. FULLER INDEX

Let X be a complete vector field without zeros on a smooth manifold M. Set
(A1) S(X,8)={o€ LgM |3p € (0,00), 0:R/Z — M is a periodic orbit of pX},
where LgM denotes the free homotopy class 5 component of the free loop space
LM = {o:S'— Mo is smooth}.
And where recall that S* = R/Z. The above p is uniquely determined and we denote it by p(o) called
the period of o.

There is a natural S! reparametrization action on S(X, 3): t- o is the loop ¢ - o(7) = o(t + 7). The
elements of O(X, B) := S(X,8)/S! will be called orbit strings. Slightly abusing notation we just write
o for the equivalence class of o.

The multiplicity m(o) of an orbit string is the ratio p(0)/l for I > 0 the period of a simple orbit covered
by o.

We want a kind of fixed point index of an open compact subset N C O(X, ), which counts orbit
strings o with certain weights. Assume for simplicity that N C O(X) is finite. (Otherwise, for a
general open compact N C O(X, ), we need to perturb.) Then to such an (N, X, 3) Fuller associates
an index:

iV, X,8) = 3 ——i(0),
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7(0) N (1)

FIGURE 2. The green shaded path is 7, the indicated orientation is given by u*},
the D, folliation is shaded in black, the D folliation is shaded in blue. The purple

segment is part of the loop o : S — X, which is is smooth and satisfies A(o(¢)) > 0
for all t.

where i(0) is the fixed point index of the time p(o) return map of the flow of X with respect to a local
surface of section in M transverse to the image of o.

Fuller then shows that (N, X, 3) has the following invariance property. For a continuous homotopy
{X,}, t €[0,1] set
SH{X:}, B) ={(o,t) € LgM x [0,1] |o € S(Xy)}.

And given a continuous homotopy {X;}, Xo = X, t € [0, 1], suppose that N is an open compact subset
of S({X;},B)/S*, such that

NN (LgM x {0}) /S* = N.
Then if

Ny = Nn(LgM x {1}) /S*
we have

Z(N7X7ﬁ) = i(Ntha/B)'

In the case where X is the R*-Reeb vector field on a contact manifold (C?"*1 \), and if o is non-
degenerate, we have:

(A.2) i(0) = signDet(Id |¢(a) — Fpp) ule(@)) = (—1)C77,

where sz‘(o) . is the differential at z of the time p(o) flow map of R*, and where CZ(0) is the Conley-
Zehnder index, see [23].
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B. REMARK ON MULTIPLICITY

This is a small note on how one deals with curves having non-trivial isotropy groups, in the virtual
fundamental class technology. We primarily need this for the proof of Theorem 6.8.

Given a closed oriented orbifold X, with an orbibundle FE over X Fukaya-Ono [10] show how to con-
struct using multi-sections its rational homology Euler class, which when X represents the moduli space
of some stable curves, is the virtual moduli cycle [X]?"". When this is in degree 0, the corresponding
Gromov-Witten invariant is f[X]”" 1. However, they assume that their orbifolds are effective. This
assumption is not really necessary for the purpose of construction of the Euler class but is convenient
for other technical reasons. A different approach to the virtual fundamental class which emphasizes
branched manifolds is used by McDuff-Wehrheim, see for example McDuff [13], [16] which does not
have the effectivity assumption, a similar use of branched manifolds appears in [6]. In the case of a
non-effective orbibundle £ — X McDuff [15], constructs a homological Euler class e(FE) using multi-
sections, which extends the construction [10]. McDuff shows that this class e(E) is Poincare dual to
the completely formally natural cohomological Euler class of E, constructed by other authors. In other
words there is a natural notion of a homological Euler class of a possibly non-effective orbibundle. We
shall assume the following black box property of the virtual fundamental class technology.

Axiom B.1. Suppose that the moduli space of stable maps is cleanly cut out, which means that it is
represented by a (non-effective) orbifold X with an orbifold obstruction bundle E, that is the bundle
over X of cokernel spaces of the linearized CR operators. Then the virtual fundamental class [X]"""
coincides with e(E).

Given this axiom it does not matter to us which virtual moduli cycle technique we use. It is satisfied
automatically by the construction of McDuff-Wehrheim, (at the moment in genus 0, but surely extend-
ing). It can be shown to be satisfied in the approach of John Pardon [22]. And it is satisfied by the
construction of Fukaya-Oh-Ono-Ohta [3], the latter is communicated to me by Kaoru Ono. When X is
0-dimensional this does follow immediately by the construction in [10], taking any effective Kuranishi
neighborhood at the isolated points of X, (this actually suffices for our paper.)

As a special case most relevant to us here, suppose we have a moduli space of elliptic curves in X,
which is regular with expected dimension 0. Then its underlying space is a collection of oriented
points. However, as some curves are multiply covered, and so have isotropy groups, we must treat this
is a non-effective 0 dimensional oriented orbifold. The contribution of each curve [u] to the Gromov-
Witten invariant f[ xoir 118 [Fﬁii])]’ where [I'([u])] is the order of the isotropy group I'([u]) of [u], in the
McDuff-Wehrheim setup this is explained in [13, Section 5]. In the setup of Fukaya-Ono [10] we may
readily calculate to get the same thing taking any effective Kuranishi neighborhood at the isolated
points of X.
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