INVARIANT ARITHMETIC OF CLOSED GEODESICS

YASHA SAVELYEV

ABSTRACT. We study rational valued counts of geodesic strings (reparametrization equivalence classes
of closed geodesics) for complete Riemann-Finsler manifolds. There are two main conceptual results.
The count (when finite) is a topological invariant on orientable surfaces and on aspherical manifolds
with free abelian fundamental group, tori in particular; this combines group theory with loop space
energy flow analysis and Fuller theory. The count satisfies a product type formula; this uses index
theory and dissipative perturbation ideas. Combined with Gromov hyperbolicity, we get the following
new sample phenomenon. Let g— be a Riemannian metric of negative curvature on a closed orientable
surface and By an indivisible free homotopy class. Then for every k, each Cl-neighborhood of
g— has a C2%-open nonempty subset whose members have prime geodesic strings in all the classes
260,480, - - .,2%Bo. Such forcing is invisible to classical bifurcation and min-max methods: it hinges
on invariant arithmetic. Similar forcing happens on T2 but with KAM confinement near a Clairaut
metric replacing Gromov hyperbolicity. We also obtain arithmetic constraints on counts of closed
geodesics in mapping tori and flat bundles, and constraints on the existence of negative sectional
curvature metrics. Finally, we conjecture a complete topological invariance phenomenon of these
counts; as verified for surfaces and tori, such invariance would give analogous arithmetic laws for all
taut regular metrics on manifolds having the tautness property studied here.

1. INTRODUCTION

Let g be a metric on a manifold X, throughout assumed orientable. A geodesic string will be a short
name for the equivalence class of a closed, constant speed g-geodesic up to the reparametrization S*
action. We say it is prime if it does not have a multiply covered representative. More generally, we
say that a smooth loop is prime if it is not multiply covered.

We will study arithmetic properties of geodesic string counts, which are outside the scope of (S*-
equivariant) Morse homology of the loop space. There are two principal theoretical results: first
the topological invariance of the count via Euler/Wall characteristic correspondence of Theorem 1.2.
Second, a product formula, Section 7, for this count and its generalizations based on Fuller index theory.
The Fuller index is a completely general construction in dynamical systems; the product formula is a
more subtle phenomenon, and needs the Riemann-Finsler geometric context. Fuller’s theory and the
basic definitions are outlined in the Appendix, so no prior knowledge is necessary.

For a nontrivial free homotopy class 8 of loops in X, we say that a metric g on X is B-regular if all
of its class [ closed geodesics are nondegenerate in the usual sense, or equivalently the closed orbits
of the associated geodesic flow are dynamically nondegenerate; g is regular if it is S-regular for every
nontrivial S3.

For a fp-regular g with finitely many class 8 geodesic strings, we define:
L1 . (_l)morse(o)
(1.1) (9,5)—20:W€@,

where:

e The sum is over class # g-geodesic strings o.
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e morse(o) denotes the Morse index of a representative of o: the number of negative eigenvalues
of the Hessian of the energy at that closed geodesic, defined whether or not the critical point
is degenerate, and independent of the representative.

e mult(o) is the geometric multiplicity, equivalently the order of the corresponding isotropy
subgroup of S', where S! is acting on the loop space by reparametrization.

We write 7i"¢(X) for the set of nontrivial free homotopy classes when X is compact, and in general
for the end incompressible ones (Definition 2.1). For k > 1, 8 € ©i"¢(X), k3 denotes the class of the
k-fold iterates of the loops in 8. 8 € wi"¢(X) is indivisible if it is not kB3’ for any k > 2, that is, if it
is not representable by a multiply covered loop.

Let Lz X denote the corresponding component of the free loop space. A metric g is S-taut if the space
of class 3 closed g-geodesics is compact, and taut if it is 3-taut for every 8 € 7i"¢(X); see Section 1.1.
For f-taut metrics the count (1.1) extends by Theorem 2.8.

The following theorem expresses the basic topological invariance of the F-count. Note that X need
not be compact.

Theorem 1.2 (Proofs in Sections 6 and 6.1). (1) Let X be an orientable manifold and 3 € wi"¢(X)
indivisible. Suppose X admits a [-taut metric. Then the Borel construction

(LsX)pst = LgX xg1 BS*
has homology of finite total rank, and for every B-taut metric g:

F(g,8) = x((LsX)ns1),
its Euler characteristic.

(2) Let X be an orientable aspherical manifold with free abelian fundamental group, for instance
T", or an orientable surface. Let 3 = efly € mi"(X), with By indivisible and e > 1. Then for
every B-taut metric g:

F(g,8) = xwan((LsX)ps1) =

0, m(X)=Z" n>2,
1/e, otherwise,

the Wall characteristic. The latter is described fully in Conjecture 1 below, generalizing this
theorem.

Part (1) is proved by S!-equivariant Morse theory and Fuller theory. For divisible classes, the homol-
ogy theoretic interpretation of the F-count would require more than ordinary S!-equivariant Morse
homology for the g-energy functional. One would want a g-invariant up to quasi-isomorphism “orb-
ifold Morse homology chain complex” for the quotient stack [LX/S!], together with (assuming certain
finiteness) an algebraically derived Q-valued characteristic' coinciding with the F-count. This is likely
related to Wall-Euler characteristic theory in group cohomology theory, appearing above and in the
more basic Conjecture 1.

Existence of this orbifold Morse homology is at the moment unknown; there is not even a finite
dimensional candidate. Closest in spirit is the equivariant Morse complex of [10], for finite group
actions: a complex of Z[G]-modules, which remembers the isotropy. For the manifolds of part (2),
however, a covering transfer substitutes for the missing orbifold theory. Finite covers unwrap the
divisible class efy into indivisible classes, where part (1) applies, and the multiplicity weights of F'
match the covering multiplicities exactly (Lemma 6.6). For free abelian m; one e-fold cyclic cover does
it. On surfaces the divisibility is reduced one prime at a time, through finite quotients in which a
representative of By has prescribed prime order, supplied by residual freeness of surface groups [11]
(Lemma 6.10); the fundamental group of a noncompact surface is free. This gives F(g,e8y) = 0 for

1T am told that in this context a better term is von Neumann dimension.
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free abelian 7 of rank > 2, and F(g,efy) = 1/e on surfaces other than 72 and for m; = Z, for every
efp-taut metric.

Part (2) of Theorem 1.2, combined with the arithmetic of Section 9, gives the following partial conse-
quence:

Theorem 1.3 (Arithmetic law on surfaces; proof in Section 9). Let X be a closed orientable surface,
Bo an indivisible free homotopy class, e > 1, and g an efy-taut and eBy-regular metric on X. Then:

(1) For e odd, if there is a prime geodesic string in class eBy, there is another — except for e =1
on X of genus > 2, where the number of prime geodesic strings in class By is instead odd.

(2) For e = 2n, the class 2nfy contains at least as many prime geodesic strings as the class
nfo contains inverse-hyperbolic ones (the linearized return map has negative eigenvalues) —
a period doubling phenomenon.

Note that e odd is essential in part (1): for e even the law does not force the pairing, and numerically
it fails. In Theorem 1.13 below the class 28 contains a prime string, numerically a single one (Remark
12.2). Tautness is supplied by two mechanisms, with efBp-regularity generic. On T2, every metric
C®-h(go)-close to a flat or to a Clairaut metric gq is taut, that is ||g — gol|cx < A(go) with the norm
convention of Section 11, by KAM confinement (Theorem 1.6). Here the constant N € N is absolute,
and fi(go) > 0 depends only on go; both are instantiated in Section 11, and are effective, that is, in
principle computable. Clairaut metrics can be far from flat (Theorem 1.13). Near negative curvature,
Gromov hyperbolicity supplies tautness (Proposition 2.7). As a concrete effect we have:

Corollary 1.4. Let g_ be a Riemannian metric of negative curvature on a closed orientable surface
and By an indivisible free homotopy class. Then for every k, each C*-neighborhood of g_ has a C*-open
nonempty subset whose members have prime geodesic strings in all the classes 280,400, . - ., 2% Bo.

Note that C!-closeness to g_ permits pointwise arbitrarily large curvature (Example 3).

Proof outline; details in Section 12. The second part of Theorem 1.3 fires as follows. Theorem 12.4,
localized in Lemma 12.6, produces a class 3y inverse-hyperbolic prime g-geodesic string by Hill type
engineering, also used in Theorem 1.13. Here g is Riemannian and arbitrarily C'-close to g_, hence
2fo-taut by Proposition 2.7, and 2fp-regular. Part (2) of Theorem 1.3 then forces a prime g-geodesic
string in the divisible class 23y. The existence is in fact forced on a C?-open set of Riemannian metrics
near g, modulo generic regularity: Corollary 12.5. Theorem 12.7 and Remark 12.8 iterate the law
through the powers of 2, giving the corollary. 0

Near negative curvature, part (1) of Theorem 1.3, including its e = 1 variant, is not surface-specific:
it holds for eBp-regular Riemannian metrics C'-e-close to negative curvature on closed orientable
manifolds of any dimension, by Proposition 2.7, Example 4, Lemma 1.8 and Theorem 1.9.

For e = 1, the pairing of part (1) of Theorem 1.3 holds on T? for every Riemannian metric, with no
tautness or regularity assumption: an indivisible class contains a simple closed geodesic, and Lusternik—
Schnirelmann min-max of the length over a sweepout family of the class, run through the curve
shortening flow [30], produces either a second simple closed geodesic of greater length, or infinitely
many of the same length. I thank Marco Mazzucchelli for telling me about this.

Question 1. Let g be an efp-taut metric on 72, for an indivisible class 3y and e > 3 odd. If the class
efy contains a prime closed geodesic string, must it contain at least two?

“Yes” does not follow formally from the vanishing of F: a single degenerate prime geodesic string,
of vanishing local index (Appendix A), is consistent with F'(g,ef) = 0. It might follow from some
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min-max theory of the S'-equivariant pair (Leg, T 2 1), with I the locus of iterated strings — the locus
of nontrivial isotropy — in the spirit of the Lusternik—Schnirelmann argument.

1.1. Tautness revisited. The space of closed geodesics in the definition of tautness carries the C!
topology of the loop space, as in the formal Definition 2.2; on this space it agrees with the compact
open topology. A homotopy {g:}+cjo,1] between S-taut metrics is said to be S-taut if its endpoint
geodesics lie in a compact open subset of the space of pairs (o,t) with o a class 8 g;-geodesic: it has no
sky catastrophe over the class 3, Definition 2.4. Compactness of the whole space of pairs suffices. It is
taut if it is B-taut for every 8 € mi"¢(X); metrics joined by a B-taut homotopy are 3-taut homotopic.
Examples of metrics S-taut homotopic to a flat metric, arbitrarily “far” from flat, are supplied by
Proposition 1.5 below. If X admits a negative curvature metric and is closed, then there are C*
open sets of taut Riemannian metrics on X, containing metrics of arbitrarily large curvature, all taut
homotopic to a negative curvature metric. See Example 3.

Proposition 1.5 (Clairaut metrics on T"; proof in Section 12). Write T" = T"~1 x S, with coordi-
nates (z,y), and let

g=dy’ + Z aij(y) dzidz;,
4,J

for a(y) symmetric positive definite, so g is invariant under the T"~% action. Let B = (m,0), m # 0,
be a fiber class. Then g is B-taut, S-taut homotopic to a flat metric, and F(g,5) = 0, with F as in
Theorem 2.8.

For n > 3 there is no KAM confinement (Remark 11.5), but tautness abounds: the proposition gives
far from flat metrics, S-taut for every fiber class 3, in every dimension. On 7", n > 2, F(g,3) = 0 for
every [B-taut metric g and every class 8, by Theorem 1.2 (2), so for g indivisible and e odd Theorem
1.9 gives the odd class law of that theorem, s, = 0 in its notation, for every ef-taut and efS-regular
metric on T™. The Clairaut metrics themselves are not regular. For n > 3 their parallels — the
geodesics along which y is constant — come in 7"~ !-orbits, (n — 2)-dimensional families of geodesic
strings; for n = 2 the closed geodesics other than the parallels come in circles, by the T!-symmetry.
Small perturbations restore regularity, and for n = 2 they stay taut: Proposition 11.2. Theorem 1.13
exploits this.

In the other direction, S-tautness fails easily.

Example 1. Let g agree with a flat metric outside a small embedded disk in 72, inside which it is
rotationally symmetric with a “mushroom” profile: a bulb over a neck, the circumference having a
strict local minimum at a waist circle 7yg, which is then a closed geodesic. Let S C T? be the complement
of the open bulb: a compact surface with geodesic boundary 7o, with 71(S) free on z,y and [z, y] the
boundary class, killed by the inclusion into T%2. For k € N the elements z[z,y]* represent pairwise
distinct nontrivial conjugacy classes of m1(.S) (their cyclically reduced lengths differ), all mapping to
the class 3 of  in T2. As 0S is geodesic, minimizing length in each of these classes produces closed
g-geodesics oy, of class 8 in T?; and since for each L only finitely many free homotopy classes of the
compact S contain a loop of length < L, ¢4(0ox) — co. So g is not S-taut, and the argument applies
to every nontrivial class. The disk may be taken arbitrarily small, so the failure is not curable by
localizing the perturbation: the C'*o-closeness in Proposition 11.2 ahead is essential.

Using geodesic confinement based on KAM theory, we show in Section 11 the following:
Theorem 1.6. Let gy be a Riemannian metric on T? invariant under a free circle action: a Clairaut
metric, the flat metrics included. Any Finsler metric g on T?, C®-h(go)-close to go, is taut homotopic

to go, and hence to a flat metric.

The arithmetic behind Theorem 1.3 is general, given a cancellation property.
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Definition 1.7. An indivisible class 8 € 7i"(X) of a manifold X satisfies the cancellation property
if for all k,e > 1 and every class «, ka = e¢f8 implies kle and o = (e/k)[.

Lemma 1.8 (Proof in Section 9). FEvery indivisible class of X satisfies the cancellation property when
m1(X) is free abelian, or torsion-free hyperbolic.

By this lemma the following theorem applies to T™ or a closed orientable manifold admitting a negative
curvature metric.

Theorem 1.9 (Arithmetic law, odd classes; proof in Section 9). Let X be a closed orientable manifold,
B an indivisible class, and e > 1 odd. Let g be an eB-taut and eB-regular metric on X, and suppose
that B satisfies the cancellation property. Let Py be the set of prime geodesic strings of class dB, and
8d = D _,cp, i(0) its signed count, with i the local Fuller index (A.2) — defined, as regularity of the
divisor classes is automatic (Section 9). Then

(1.10) eF(g,ef) = Z dsq,
dle
and hence, by Mébius inversion,
1
dle

with u the Mébius function. In particular,

(1) If F(g,dB) =0 for every dle then s, = 0, and if the class ef contains a prime geodesic string,
it contains another.

2) If e > 1 and F(g,dB) = 1/d for every d|e then s. = 0, and if the class ef3 contains a prime

( 9 Y ; P
geodesic string, it contains another. For e = 1, (1.10) reads s; = F(g,8) = 1: the class 8
contains an odd number of prime geodesic strings.

The arithmetic of this theorem, and of Section 9, has been formalized in Lean 4, over Mathlib: M&bius
inversion and both alternatives, the divisor system (9.8), Proposition 9.5 — with the vanishing of
F on the divisors as a hypothesis, and its converse — and Corollary 9.10. The geometry enters as
named hypotheses: (1.10) at the divisor levels, the covering identity (9.7), and the sign law of Lemma
9.4.2

Remark 1.12. The second alternative is the negative curvature pattern: there F(g,d3) = 1/d by
Example 4. Unconditionally, Proposition 2.7 provides it on the C'-balls about negative curvature
metrics. Combined with Conjecture 1 of Section 1.2, it would apply to every efS-taut and ef-regular
metric on a closed orientable manifold admitting a negative curvature metric — the cancellation
property holds there unconditionally, as 71 (X) is torsion-free hyperbolic (Lemma 1.8). For closed
orientable surfaces of genus > 2 this is unconditional, by Theorem 1.2 (2): Corollary 9.10.

In the notation of Theorem 1.9, with 8 = g, write b, for the number of inverse-hyperbolic strings in
P,. On T?, Theorem 1.3 rests on the even class identity
Se = —bey2, beso := 0 for e odd,

of Proposition 9.5, valid for every efy-taut and efy-regular metric: for e odd a vanishing sum of +1’s
has an even number of terms, and for e = 2n, #Ps, > |son| = b,. The inverse-hyperbolic type
entering the identity is realized far from the flat metrics, and the identity fires there forcing prime
geodesics:

2Lean sources: https://yashamon.github.io/web2/papers/surfacegroupformalization/.
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{y = 1/2}: the minimizer, £ = 1/2, positive hyperbolic

K <0
~: elliptic, £ = 1.969. ..

reo O o: £ =1, inverse-hyperbolic

FIGURE 1. Schematic of Theorem 1.13 on the fundamental domain [0, 1] x [—%, %],
sides identified. The two teal strands form a prime geodesic string v of class 203y:
it winds twice in x while oscillating once about o, born of o at a period doubling.
Lengths are with respect to g. at € = 5/7%, where numerically + is the only prime

string of its class (Remark 12.2); the picture is topological.

Theorem 1.13 (Proof in Section 12). On T? = R?/Z? let
ge = dy® + A (z,y)? dz?, Ac(z,y) =1— %(1+€COSQ7T.’B) sin? 7y, 0<e<l,
let ga := ge—o, and let By be the class of the circle {y = 0}. There are § > 0 and €y > 0 such that:

(1) Every metric g with ||g — gallcx < § is taut, and taut homotopic to ga, hence to a flat metric.
For 0 < e < €p, ge is such a metric.

(2) For 0 < e < € the circle {y = 0} is an inverse-hyperbolic prime g.-geodesic string, and
{y = 1/2} a positive hyperbolic one (positive real eigenvalues), the minimizer of its class.

(3) For 0 < e < ¢ there is a CX-neighborhood U of g. whose 28q-reqular members, C>-generic in
U, have a prime geodesic string in class 2.

The metric g4 = dy® + A(y)?da?, A = 3 + 1 cos2my, is a Clairaut metric with Ayax/Amin = 2, far
from flat: the fat parallel {y = 0} has curvature 72, the period doubling threshold, where the normal
Jacobi fields rotate by m over one period, and {y = 1/2} is the skinny one. The perturbation is Hill
engineering along the fat parallel, C®-small, and tautness is KAM confinement around g4. Numerically
ga has no other class 5y strings; if this holds then, for e and U small, the metrics of (3) have exactly
two, with F'(g, 80) = 1 —1 =0, and their 28p-regular members have an odd number of prime class 24
strings, born at the period doubling. See Figure 1 and Section 12.2.

Theorem 1.6 settles the following question near the flat and the Clairaut metrics.
Question 2. Is every S-taut metric on T2 B-taut homotopic to a flat metric?

1.2. The topology connection. What follows is a special version of Conjecture 2 (appearing further
ahead) and generalizes Theorem 1.2 (2). A group is Wall-Euler finite if it is of finite homological type
in the sense of [23, Chapter IX]: of finite virtual cohomological dimension, with a torsion-free subgroup
of finite index whose homology is finitely generated in every degree. Wall’s rational Euler characteristic
Xwan [00] is then the Euler characteristic of such a subgroup divided by its index, independent of the
choice. A space is Wall-Euler finite if it is aspherical with Wall-Euler finite fundamental group.

Conjecture 1 (Aspherical topological formula for F'). Let X be an orientable aspherical manifold,
and let B € wi"¢(X). Suppose that X admits a B-taut metric. Then the Borel construction (LgX )pst
of Theorem 1.2 is Wall-Euler finite, and for every [-taut metric g,

F(g,B) = XWall((LBX)hSI>.
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Equivalently, set G = m(X), let C(yg) be the centralizer of v5 in G and Qg = Cq(vs)/(vs), where
B = [ya] is the conjugacy class of y3 € G. Then Qg is Wall-Euler finite and

F(g,8) = xwan(Qp)-

The two forms agree. As X is aspherical, LgX is a K(Cg(vg),1). In the fibration LgX — (LgX)ps1 —
BS! the generator of m2(BS!) maps to the orbit loop of a base loop, that is to 75, an element of infinite
order. So (LgX)pst is a K(Qg,1), and the Wall characteristic of an aspherical space is that of its
fundamental group. The conjecture implies that F(g,3) is independent of the S-taut metric g, for
aspherical manifolds. For background on rational Euler characteristics of groups, we refer to Wall’s
original note [60] and to Brown’s treatment of Euler characteristics of groups in [23, Chapter IX]; see
also Brown [22] for Euler characteristics of discrete groups and G-spaces. By Theorem 1.2 (2), the
conjecture holds for orientable surfaces and for aspherical manifolds with free abelian fundamental
group.

The following is a rather important open question in our context:

Question 3. Suppose that X is closed. If X admits a S-taut metric for some nontrivial 8, must X be
aspherical?

Remark 1.14. A possible route to a counterexample for Question 3 is a mapping torus of a non-
aspherical Z by a diffeomorphism with “hyperbolic behavior”. In the other direction, asphericity is
not sufficient: by results of Mess [46] and Belegradek [13, Corollary 5.1], in every dimension n > 4
there are closed aspherical n-manifolds whose fundamental groups contain nontrivial infinitely divisible
elements, and hence, by Proposition 1.15 below, classes 8 for which no g-taut metric exists.

Proposition 1.15. Let X be a closed manifold and let 8 # 1 be a free homotopy class which is
infinitely divisible in m(X): for arbitrarily large n € N, a representative of B in w1 (X) is an n-th
power. Then X admits no B-taut metric.

Proof. Take any metric g and let [ > 0 be the systole of g, that is

l= inf £4(0).

{o] o is noncontractible}

For n as in the statement, write a representative of 3 as hj, with h,, necessarily noncontractible since
B # 1. A length-minimizing closed geodesic in the free homotopy class of h,, exists as X is closed, and
its n-fold cover is a class 3 closed g-geodesic of length at least n - [. So the class 8 closed geodesics of
g have unbounded length and ¢ is not S-taut. O

1.3. Geodesics in mapping tori and negative sectional curvature. A theorem of Preissmann [54]
says that there are no negative sectional curvature metrics on compact products. For fibrations, the
most obvious analogue of Preissmann’s theorem fails even assuming compactness. By Thurston’s
fibered hyperbolization theorem, a closed surface bundle over S! with fiber of negative Euler char-
acteristic is hyperbolic if and only if its monodromy is pseudo-Anosov; see [59, 58]. What follows
is a kind of partial, “only if” Finsler analogue in higher dimensions, noting that an isometry of a
manifold has “anti-Anosov behavior” (for some reasonable generalization of pseudo-Anosov to higher
dimensions).

Recall that 7i"¢(X) denotes the set of end incompressible free homotopy classes (Definition 2.1).
Corollary 1.16 (Corollary of Corollary 2.26). Let X, be the mapping torus of an isometry ¢ : Z — Z

of a complete taut Riemannian metric on Z, and let Bz € wi"(Z) be indivisible. Suppose that the
image (3 of Bz under fiber inclusion lies in wi"¢(X,). Then:

(1) x((LgXgp)nst) = 0.
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(2) X, does not admit a forward complete, B-reqular Riemann-Finsler metric with an odd number
of class B geodesic strings.

(3) X, does not admit a complete negative sectional curvature Riemannian metric.

Example 2. The corollary applies to the mapping torus of an isometry of a surface of finite genus at
least one, with 8z the class of a nonseparating simple closed curve (such a curve meets the compact
core carrying the genus, as every simple closed curve in a planar surface separates, so the images ¢*(c)
of a representative ¢, of fixed length, meet one compact set and fall into finitely many classes; the
fiber class 8 then lies in m{"¢(X,) by the paragraph before Example 6; we also need a suitable taut
metric e.g. a nonpositive curvature metric, with an isometry). The conclusion that X4 does not admit
a complete negative sectional curvature metric follows from Thurston’s classification®. However the

arithmetic constraints on geodesic counts seem interesting even for a surface map.

If we further assume that Z is aspherical, the first part of Corollary 1.16 can be proved via group
cohomology theory, for which we already provided some references. But the main point is that in our
setup the proof is elementary, once the general product formula of Theorem 7.1 for the F-count is
established. The proof of the latter does involve a novel type of perturbation, but Fuller index theory
allows us to do this abstractly, perturbing a vector field rather than the metric/energy functional.

Organization of the paper. Section 2 sets up taut metrics and taut deformations, states the sup-
porting theorems, and contains the applications to sky catastrophes. Section 3 proves the compactness
results underlying tautness, in particular Theorem 2.5. Section 4 collects Reeb-flow preliminaries, and
Section 5 constructs the invariant F' and proves Theorem 2.8. Section 6 proves Theorem 1.2: the
Euler characteristic formula for indivisible classes, and then the divisible classes on tori and surfaces
by covering transfer (Section 6.1). Sections 7 and 8 prove the product and fibration formulas. Section
9 proves Theorem 1.9, the arithmetic law of Proposition 9.5 and Theorem 1.3. Section 10 proves the
O stability Proposition 2.7 via Gromov hyperbolicity, and Section 11 proves the near-Clairaut rigidity
Proposition 11.2 by KAM confinement. Section 12 proves the Clairaut Proposition 1.5, Theorem 1.13
and Corollary 1.4. Appendix A develops the Fuller index and its continuation theory in the noncom-
pact setting, Appendix B performs a local fibered computation of F' used in the product formula, and
Appendix C recalls the sky catastrophes behind Definition 2.4 and the facts about sky catastrophes
used in Section 2.2.

2. SETUP AND SUPPORTING THEOREMS

Proofs of many results here are postponed till subsequent sections.

Terminology 1. From now on, all our metrics are Riemann-Finsler (a.k.a. Finsler) metrics unless
specified to be Riemannian, and usually denoted by just g. Completeness always means forward
completeness, and it is an assumption for all our metrics. Curvature always means sectional curvature
in the Riemannian case and flag curvature in the Finsler case. Thus we will usually just say complete
metric g, for a forward complete Riemann-Finsler metric. A reader may certainly choose to interpret
all metrics as Riemannian metrics, completeness as standard completeness, and curvature as sectional
curvature.

In what follows, m(X) denotes the usual based homotopy group, with basepoints suppressed when no
confusion can arise.

Definition 2.1. Let X be a smooth manifold. Fix an exhaustion by nested compact sets | J;cy Ki = X,
K? D K;_; for all ¢ > 1. A free homotopy class 5 of loops in X is called end compressible if, for
every 4, it has a representative contained in X — K;. We say that § is end incompressible (or
incompressible to the ends) if it is not end compressible.

3Suitably adjusted, one may also need finite geometry (volume) assumptions.
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Let 7i"¢(X) denote the set of such end incompressible free homotopy classes. When X is compact, we
inc

set 4¢(X) to be the set of nontrivial free homotopy classes of loops in X.

It is easily seen that the above is well defined (independent of the choice of an exhaustion) and
moreover any homeomorphism X; — X of a pair of manifolds induces a set isomorphism 7?*¢(X;) —
T (X2).

Denote by LgX the class 8 € 7i"¢(X) component of the free loop space of X, with the C* topology.
Let g be a complete metric on X, and let S(g,5) C LgX denote the subspace of all constant speed
parametrized, smooth, closed g-geodesics in class (.

Definition 2.2. We say that a metric g on X is S-taut if it is complete and S(g, 8) is compact. We
will say that g is taut if it is B-taut for each 8 € 7i"¢(X).

Lemma 2.3. A complete Riemannian metric g with nonpositive curvature satisfies:
o All of its closed geodesics are minimizing in their free homotopy class.

o [t is taut.

Proof. The first part is a standard consequence of the Cartan-Hadamard theorem. The second part
follows by the first part and Corollary 3.3. O

Definition 2.4. Let 8 € 7i"¢(X), and let go, g1 be a pair of 8-taut metrics on X. Let {g;}, t € [0, 1], be
a family of complete metrics on X with these endpoints, continuous in the topology of C! convergence
on compact sets, and set

S({g:},8) = {(o,1) € LgX x [0,1] o € S(gs, B)},

with endpoint slices S(go, ) x {0} and S(g1,8) x {1}. The family is a S-taut deformation between
Jo, g1 if its endpoint slices are contained in a compact open subset of S({g:}, 8). This holds in particular
when S({g:}, 8) is compact. We also say in this case that g; are S-taut homotopic.® We say that {g;}
is a taut deformation if it is 3-taut for each 8 € win¢(X).

In the language of Appendix C, Definition C.2, {g;} is a S-taut deformation exactly when the associated
family of Reeb vector fields has no sky catastrophe over the class /3: tautness of a deformation is the
absence of a sky catastrophe. A useful criterion for S-tautness is the following.

Theorem 2.5 (Proof in Section 3.1). Let 8 € 7{"“(X). Let {g:}+eo,1) be a family of complete metrics
on X, continuous as in Definition 2.4. Suppose that:

sup sup {4, (0) — inf £, (0)] < oo,
t ‘OES(gtﬁ) 9:(0) 0€S(g¢e,8) a: (0)]

where {4, is the length functional with respect to g, then S({g:},5) is compact; in particular the
endpoints are B-taut and {g:} is a f-taut deformation.

For example, the hypothesis is trivially satisfied if g; have the property that all their class § closed
geodesics are minimizing in their homotopy class.

Corollary 2.6. If{g:}, t € [0, 1], is a family of complete Riemannian metrics of nonpositive curvature,
continuous as in Definition 2./, then it is a taut deformation.

Proof. This follows by Theorem 2.5 and by Lemma 2.3. O

4.6t us point out that this does not necessarily hold if g; are path connected by a path of S-taut metrics.
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The following supplies more examples of tautness, and the tautness input of Corollary 1.4: strictly
negative curvature gives tautness an open C'! neighborhood in the space of Riemannian metrics.

Proposition 2.7 (C! stability of tautness in negative curvature; proof in Section 10). Let g_ be a
metric of negative sectional curvature on a closed orientable manifold X. There is € = €(g—) > 0 such
that every Riemannian metric g’ with ||g' — g_||c1 < € is taut. Any two metrics in this ball are joined
by a taut deformation. In particular F(g',8) = F(g—, ) for every nontrivial 8, with F as in Theorem
2.8.

C'-smallness permits arbitrarily large curvature.

Ezample 3. On a closed hyperbolic surface (3,g_) take ¢’ = e*g_, with u = dw¢(dy_ (-, z0)/w)
for a fixed even bump function ¢ with a nondegenerate maximum at 0. Then |ju|c1 < Cd, while
K(g') = e 2%(—1 — Au) is of order §/w at zg. For w small this produces metrics in the ball of
Proposition 2.7 with curvature maxima, as large as desired — so C2-far from every metric of nonpositive
curvature — and any number of such bumps may be placed. The same bumps on a negatively curved
(X, g-) of any dimension give sectional curvature of order é/w in every plane at xg, by the conformal
curvature formula at a critical point of u. These metrics are taut with F(¢’, 3) = 1/n, for 3 represented
by a multiplicity n closed g_-geodesic, by Proposition 2.7 and Example 4. In particular the 1/d ray
values of Remark 1.12 hold for them unconditionally, and, for § indivisible, Theorem 1.9 applies to
their ef-regular members, e odd; on ¥ so does Theorem 1.3. The mushroom of Example 1, planted
on X, shows that smallness of the support does not suffice.

2.1. The geodesic string counting invariant F. Let G(X) be the set of complete metrics on X.
The following is proved in Section 5.

Theorem 2.8. For each orientable manifold X there is a functional:
F 1 G(X) % 77(X) - QU {oo),
extending the functional (1.1).
(1) F(g,B) # oo if and only if g is B-taut.

(2) If g is B-taut and S-regular, then it has finitely many class 5 geodesic strings, and F(g, ) is
given by (1.1).

(3) If go, g1 are joined by a B-taut deformation, then F(go, ) = F(g1, ).
(4) If ¢ : X' — X is a diffeomorphism, then F(¢*g,3') = F(g,¢.3") for every 8 € wi"¢(X’).

For a p-taut g, F'(g, ) is defined in terms of the Fuller index.

Corollary 2.9. Let f € ©i"¢(X), and let go, g1 be B-taut metrics on X with
F(go76) 7é F(glaﬁ)

Then there is no S-taut deformation between gy and g1: every family {g:} of complete metrics joining
them, continuous as in Definition 2.4, has a sky catastrophe over the class 8 (Appendiz C).

Proof. This is the contrapositive of Theorem 2.8(3). O

I was unable to find such a pair gg, g1, in fact there is strong evidence to believe the following:
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Conjecture 2. F(g, ) does not depend on the choice of a smooth structure and of a B-taut metric g.
In other words we have the following. Let X be an orientable topological manifold, define:

S(X): 7i"(X) = QU {oo}
by:
o0, if X does not admit a smooth structure and a B-taut Finsler metric.
F(g,8), ifg is a B-taut Finsler metric on X.

)

S(X)(B) = {

then S is well-defined and hence determines a topological invariant of topological manifolds. So if
f: X1 — Xa is a homeomorphism then S(X1)(B8) = S(X2)(f«(B)).

Theorem 1.2 (1) proves the conjecture on indivisible classes. Indeed, the Borel construction (LgX)pg1
depends only on the pair (X, ) up to homotopy equivalence, and a homeomorphism f : X; — X»
induces one for (X1, ) and (X, f.3). So for indivisible 8, S(X)(5) is well defined: it is x((LgX)ps1)
if some smooth structure on X carries a S-taut metric, and co otherwise. Theorem 1.2 (2) proves the
conjecture on surfaces, and on aspherical manifolds with free abelian fundamental group: the value 0
or 1/e depends only on X and on the divisibility e of 3 (Theorems 6.8 and 6.12).

Remark 2.10. The smooth manifold version of this conjecture, i.e. that S(X) is a smooth manifold
invariant, is implied by the Reeb sky catastrophe conjecture described in the next subsection. However,
the above seems to be much more basic as will be apparent from the proof of Theorem 1.2.

2.2. Applications to sky catastrophes.

Definition 2.11 (Preliminary). A sky catastrophe in class 8 for a smooth family {V;}, ¢ € [0,1],
of nonvanishing vector fields on a closed manifold M is a continuous family of closed orbit strings in
class 8, 7 — o, T € [0,00), where o;_ is an orbit string of V;_ (orbit strings are defined in Appendix
A), with ¢ € {0, 1}, such that the period of o;_ is unbounded from above.

Sky catastrophes first appeared in the work of Fuller [28]. One general definition appears in [57],
which we review in the Appendix C, the main point of this definition is that there are no regularity
assumptions on {V;}. The preliminary definition becomes equivalent to the more general definition
given certain regularity conditions on the family {V;}; the anchoring t; € {0,1} is what the general
definition keeps.

The following corollary of Theorem 2.5 may be of independent interest.

Corollary 2.12. Sky catastrophes of vector fields on closed manifolds are not geodesible by metrics all
of whose geodesics are minimizing. That is, if a family {V;} has a sky catastrophe, there is no family
{g:} of metrics (all of whose geodesics are minimizing in their homotopy class) such that the orbits of
Vi are unit speed parametrized g;-geodesics.

Fuller at the end of [29] has asked for any metric conditions on vector fields to rule out sky catastrophes.
By the above, nonpositivity of curvature is one such condition. So this is a partial answer to his
question.

The main conjecture in [57] is that geodesible, and more generally Reeb sky catastrophes ({V;} are
Reeb) are unstable, in the sense that there is a C° nearby family {V/}, with the same endpoints,
which does not have a sky catastrophe in the fixed class 8. Let’s call this Reeb sky catastrophe
conjecture. The reason to conjecture such a thing is that [57, Theorem 1.10] says that if {os }, is a
sky catastrophe for a family of Reeb vector fields {V;} then the length of the corresponding projection
T+ t, is infinite. (Assuming some minor regularity on {o; }.) The latter suggests that the structure
of such a sky catastrophe is very fragile.
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Remark 2.13. The Reeb sky catastrophe conjecture implies the geodesible Seifert conjecture (appar-
ently still an open problem), by the main result of [57, Theorem 1.5]. Hence, this is a subtle question.

Corollary 2.9 is a version of [57, Theorem 3.2]; the tautness hypothesis permits the short self-contained
proof of Section 5. So if a pair gg, g1 as in the corollary exists, the Reeb sky catastrophe conjecture is
disproved, and in a rather extreme fashion.

2.3. Basic results on the invariant F'.

Definition 2.14. Let 8 be a free homotopy class of loops in X. Choose a representative of g and a
base point x on its image. This choice determines an element

Bzo € (X, 20)

well-defined up to inner automorphism.

e Anelement vy € 71 (X, z0) is indivisible if whenever v = o for some o € 71 (X, o) and k > 0,
then k = 1.

e An element vy € 71(X, ) is a k-power if v = o, k > 1, for some indivisible a.
e An element v € (X, z0) is atomic if v = o, for some k > 1, with « indivisible.

We say that the free homotopy class g is indivisible, respectively a k-power, respectively atomic, if 5,
has the corresponding property for one, equivalently any, such choice of xy and representative. This is
well-defined because the corresponding notions are invariant under inner automorphism. Equivalently,
B is a k-power precisely when it admits a smooth representative with multiplicity k¥ whose underlying
prime representative represents an indivisible class.

Note that a class 8 € 7i"¢(X) is indivisible iff any representative of this class is prime.

Ezxample 4. Let g be a Riemannian metric with negative sectional curvature on a closed orientable
manifold X and 8 € 7"¢(X) a class represented by a multiplicity n closed geodesic, then

(2.15) Flg.0)=

In particular, if 8 is indivisible then F'(g,8) = 1. More generally, (2.15) holds whenever g has a unique
and nondegenerate geodesic string in class 3, of even Morse index, where nondegenerate is as in the
Introduction.

If B € 7i"¢(X) is indivisible, then it is easy to see that the reparametrization S' action on LgX is
free (Section 6), so that (LgX)ps: ~ LgX/S*. Moreover, part (1) of Theorem 1.2 computes F in this
situation; it is proved in Section 6. Taut metrics distinct from nonpositive curvature metrics can be
constructed explicitly in every dimension, recall Proposition 1.5, Example 3 and Theorem 1.13.

We can use the above, and the product formula of Theorem 7.1 to get:

Theorem 2.16 (Proof in Section 8). Every rational number has the form F(g,3) for some B-taut
Riemannian g on some compact manifold X and for some (.

2.4. Applications to existence of negative curvature metrics. We are going to give a certain
generalization of Preissmann’s theorem to fibrations, with possibly noncompact fibers, also replacing
the negative sectional curvature condition by a significantly weaker condition. Though the definitions
may at first seem hard to understand, we just want enough generality to incorporate interesting “flat
bundle” examples (with anti-Anosov or periodic holonomy behavior). The latter are of interest in
3-manifold theory, for instance vis-a-vis Thurston’s classification [58].
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Definition 2.17. For a fiber bundle Z < X — Y, we say that 8 € 7°°(X) is a fiber class if
B =(iz)«(a) for some a € 7"(2),

where i is the inclusion of a fiber and (iz). the induced map on free homotopy classes.

Lemma 2.18. Let

ZX%y
be a smooth fiber bundle with connected fiber and connected base. Assume
m(Y) = 0.
Fixyo €Y, and let
H =m(Y,y0)

act on mP°(Z,,) by holonomy. Let B € (X)) be a fiber class, and define

Ryo(8) = {a € m*(Zy,) | (iyo)«(c) = B} .
Then Ry, (B) is a single H-orbit. In particular, if

Bz, B € Ry, (B),
then
H-fBz=H-py.
Thus the holonomy orbit associated to the fiber class 8 is independent of the choice of fiber representative

Bz.

Proof. Choose basepoints zy € Z,, and g = iy,(20). Since m3(Y) = 0, the homotopy long exact
sequence gives an exact sequence of based groups

) (iyo )*

1 = m1(Zyy, 20 7T1(X,330)p—*>771(Y7y0)—>1-

Thus we identify m1(Zy,, 20) with a normal subgroup of 7 (X, z¢), and the quotient is 71 (Y, yo).

Let a, o € Ry, (B). Choose based representatives a,a’ € m(Zy,,29) of these fiber free homotopy
classes. Since they determine the same total free homotopy class 8 in X, the corresponding elements
of m (X, o) are conjugate. Thus, after conjugating inside m1(Zy,, z0) if necessary, there exists z €
71(X, 2p) such that
a' = zaz™t.

Let

h =p.(z) € H.
Conjugation by x on the normal subgroup m1(Z,,, 29) induces the holonomy action of &, up to an inner
automorphism of m (Z,,, z9). Passing to free homotopy classes in the fiber, we get

o =h-a.
Thus all fiber representatives of the total free homotopy class 8 belong to a single holonomy orbit.

Conversely, if o = h - «, choose = € 7 (X, xg) with p.(z) = h. Then zax~! represents the same total
free homotopy class in X as a, and its fiber free homotopy class is i - a. Hence the holonomy orbit is
exactly the set of fiber representatives of 3. O

We assume from now on that Z,Y are connected. For a fiber class 8 € wi"¢(X), set

R(B) = {a € m*(2) | (iz)«(a) = B} .
Assume that m3(Y) = 0, and put
H =m(Y, o).
By Lemma 2.18, the holonomy orbit
S=H-pBz
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is independent of the choice of the fiber representative 5z € R(3). If another fiber inclusion is chosen,
the corresponding holonomy actions are abstractly conjugate.

Definition 2.19. Let
ZX%y

be a smooth fiber bundle, with Z,Y connected and m(Y) = 0, and let 8 € 7i"(X) be a fiber class.
We say that p is S-holonomy-finite if for one, equivalently any, 8z € R(8), the orbit

S = 71-1(}/7 yO) : BZ

is finite.

Definition 2.20. Let
Zs X5y

be a smooth fiber bundle, and let g be a Riemannian metric on X. Let
TV X = ker(dp)

and let
errt . TX N TvertX

be the g-orthogonal projection. We say that p is g-parallel if
Vavert = 0.

Equivalently,
V(¥ B) = 7V 4 B)

for all vector fields A, B on X.

Definition 2.21. Let 8 € mi"°(X) be a fiber class, for a smooth fibration
p:Z = (X,9) = (Y.gv).

We say that this is a S-periodic fibration if:

(1) g is a complete Riemannian metric.

2) Z,Y are connected and m2(Y) = 0.

3

4

p is g-parallel and is a Riemannian submersion.

(2)
(3)
(4) p is S-holonomy-finite.
(5)

5) the fiber metrics g, on Z, are taut.

The metrics g, gy may be kept implicit. In the above definition of a S-periodic fibration and the
hypothesis of the following theorem we need the auxiliary metric g on X to be Riemannian, and there
is no obvious extension of the theorem to the Riemann-Finsler case. However, the conclusions of the
theorem are for Riemann-Finsler metrics. The following is perhaps the main technical result of the
paper, proved in Section 8.

Theorem 2.22. Let p : Z — (X,g9) — (Y,gy) be a B-periodic fibration, where B € wi"¢(X) is a
fiber class. Suppose further that Y is connected, closed, x(Y) # +1 and is such that all smooth closed
contractible gy -geodesics in'Y are constant. Then the following holds:

o X does not admit a complete Riemannian metric with negative curvature.

o X does not admit a forward complete Riemann-Finsler metric with a unique nondegenerate
class B geodesic string.
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Note that x(Y) # 1 is of course essential, as the trivial fibration X — {pt}, with X admitting a
complete negatively curved metric, will satisfy the hypothesis. The condition that there is a fiber class
B € mi"¢(X) is also essential; as any vector bundle over a closed manifold admitting a Riemannian
metric of negative curvature also admits a metric of negative curvature, Anderson [4].

Corollary 2.23 (Proof in Section 8). Let Y, Z be connected smooth manifolds, let Bz € wi"°(Z), and
assume that x(Y) # +1. Suppose that Y is closed and admits a Riemannian metric all of whose
contractible closed geodesics are constant, for instance a nonpositive curvature metric, and suppose
that Z admits a taut Riemannian metric. Let

X=YxZ
with projection X — Y, let i : Z — X be a fiber inclusion, and set

B =1.(8z).
Then:

e X does not admit a complete Riemannian metric of negative sectional curvature.

o X does not admit a forward complete Riemann-Finsler metric with a unique and nondegenerate
class B geodesic string.

Ezample 5. Take Y any nonpositively curved closed manifold with x(Y) # +1, and Z a surface of
genus at least one, possibly noncompact, even of infinite genus.

This theorem is very close to being sharp, for example the conclusion of the corollary is false if Y = S*
and Z = St x R. As X = T? x R admits the warped product metric gg Xt g7z (with respect to the
function f = e! on R) where gr2, gr are the flat metrics. This warped product has constant negative
sectional curvature —1. So it is essential that not only m1(Z) be nontrivial but also that there is a
class incompressible to the ends. Of course, x(Y') # 1 is also essential, otherwise we may take Y = pt.
The condition x(Y) # —1 is however not obviously essential.

A further basic set of examples for the theorem is obtained by starting with a Riemannian manifold
(Y, gy ), and any homomorphism

(2.24) ¢ :m(Y,y0) = Isom(Z,gz), (the group of all isometries),
where gz is a taut Riemannian metric and 8z € 7i"¢(Z). (For example (Z,gz) is a non-simply
connected complete hyperbolic surface of genus at least one). Suppose further:
(1) The orbit
Orb(Bz) = {o(7)«(Bz) | v € m1(Y,50)}
is finite.
(2) Y is closed and connected, with m5(Y) = 0 and x(Y) # +1, and Z is connected.

(3) All contractible smooth closed gy geodesics in Y are constant.

We have the obvious induced diagonal action
(Y, y0) — Diff(Z x Y), (the group of all diffeomorphisms),

7= ((z,9) = (6N (2),7 - ),
for Y the universal cover of Y. Taking the quotient of Z x Y by this action, we get an associated “flat”
bundle Z — X 2, Y, with a metric g4 induced from the product metric g = gz @ gy, with gy the lift
of gy, on the covering space q : Z x Y — X¢. The natural projection p : X4 — Y is then a Riemannian
submersion and is g4-parallel. Let 3 be the class of X, represented by the loops of 3z in a fiber. It is
end incompressible. Indeed, the isometries ¢() permute the finitely many classes of Orb(8%), and so
preserve the compact nonempty set of closed gz-geodesics in these classes, nonempty by Lemma 3.4
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and compact by tautness; hence they lie in a compact group of isometries. Each class of Orb(8z) is
end incompressible, so some compact Kz C Z meets all of their representatives, and Kz may be taken
invariant under that compact group. A loop of class § lifts to Z x }7, with Z-projection of a class in
Orb(Bz); after a deck translation it meets Kz x D, D a compact fundamental domain of Y. So every
class 3 loop meets the compact set ¢(Kz x D). The condition on the finiteness of Orb implies that p
is B-holonomy finite. It follows that p is a S-periodic fibration. Hence p : (X, gy) — (Y, gy) satisfies
the hypothesis of Theorem 2.22.

Example 6. Suppose we have 87 € ©i"¢(Z), and let ¢ : Z — Z be an isometry of a complete taut
Riemannian metric gz on a connected Z, such that Orb(8z) is finite. Then for 8 = (iz).(8z), by the
construction above, the mapping torus

(Z.92) = (X4,90) = S

has the structure of a S-periodic fibration, satisfying the hypothesis of Theorem 2.22.
The finiteness of the orbit is automatic in the situation of interest.

Lemma 2.25. Let (Z,g7) be a complete Riemannian manifold, ¢ an isometry of Z, Bz € wit¢(Z),
and f3 the class of X, represented by the loops of Bz in a fiber. If B € wi"°(X,), then Orb(Bz) is
finite.

Proof. Write Xy = Z x R/((2,5) ~ (¢(2),s +1)). Choose a loop c representing 7, of length L. The
loop ¢*(c) has length L and represents ¢*(8z). In X, the loops ¢¥(c) x {s}, s between 0 and k, form
a free homotopy from ¢*(c) x {0} to ¢*(c) x {k} = ¢ x {0}. So every ¢*(c) x {0} represents 3.

Let K C X, be compact. Then Kz := {z](2,0) € K} is compact in Z, and a loop of length at most L
meeting Kz lies in the closed L-neighborhood Np,(Kz), compact as Z is complete. A compact domain
of a Riemannian manifold, after a harmless thickening of Ny (Kz), contains only finitely many free
homotopy classes with representatives of length at most L: choose a finite good cover with Lebesgue
number § > 0; a loop of length at most L is encoded by an edge loop in the nerve of the cover, of
combinatorial length bounded by N(L,d), and there are finitely many such combinatorial loops. So if
the orbit is infinite, the loops ¢*(c) x {0} meet K for finitely many & only. Applied to an exhaustion
of X, by compact sets, this makes 3 end compressible. O

Corollary 2.26. Let
(Z,92) = (X4,94) = S

be the mapping torus of an isometry of a connected complete taut Riemannian manifold (Z,gz). Let
B € wine(Xy) be the image of some Bz € wi"(Z) under fiber inclusion, as previously.

(1) X, does not admit a complete Riemannian metric with negative curvature.

(2) X, does not admit a forward complete Riemann-Finsler metric with a unique nondegenerate
class B geodesic string.

(3) If S is indivisible, X((L,BXqﬁ)hSl) =0 and so X4 does not admit a S-regular forward complete
Finsler metric with an odd number of B-class geodesic strings.
3. COMPACTNESS PRELIMINARIES

Lemma 3.1. Suppose that g is a complete metric on X, B € wi"¢(X) and let S C LgX be a subset
on which the g-length functional is bounded from above. Then the images in X of elements of S are
contained in a fized compact subset of X.
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Proof. Suppose otherwise. Fix an exhaustion by nested compact sets

UKi=X, K >K, ..

€N
Then either there is a sequence {0; }ien, 0; € S such that o; € K¢, for K¢ the complement of K;, which
contradicts the fact that § is end incompressible. Or there is a sequence {0k }ren, 0r € S such that:

(1) Each o, intersects K;, for some iy fixed
(2) For each i € N there is a k; > i such that o, is not contained in Kj.

Now if diam(og) is bounded in k, then condition 1 implies that oy, are contained in a set of bounded di-
ameter. (Here diam(oy) denotes the diameter of image o.) Consequently, by Hopf-Rinow theorem [9],
o are contained in a compact set. But this contradicts condition 2, and the fact that K; form an
exhaustion of X.

Thus, we conclude that diam(ox) is unbounded, but this contradicts the hypothesis. O

Lemma 3.2. Let g be a complete metric on X, and let B € 7i*¢(X). Denote by Sa(g, 3) C S(g, )
the subset of elements with g-length at most A. Then Sa(g,3) C S(g, ) is compact.

Proof. By Lemma 3.1, the images of elements of S4(g, 8) C S(g, ) are contained in compact K. Since
elements of S4(g, ) C S(g, ) are parametrized by constant speed, and since we have a length bound
Sal(g,B) is an equicontinuous collection. The result then follows by the Arzela—Ascoli theorem and
standard arguments. O
Corollary 3.3. Suppose that g is a complete metric on X, all of whose class 3 € 7i"°(X) geodesics
are minimizing, then g is B-taut.

Lemma 3.4. Let g be a complete metric on X, and let 3 € 7*(X). Then there exists a closed
g-geodesic minimizing length among all loops in the free homotopy class (3.

Proof. Suppose otherwise and let

A=7€1};}£X€g(v)-

By the hypothesis that there is no geodesic with length A, and by Lemma 3.2, there is an € > 0 such
that there is no closed geodesic o with A < £4(0) < A+ e.

By Lemma 3.1 the subset Mg 4 C LgX consisting of elements with length less than A+¢ is contained in
a compact K. Pick o € Mg 4 and apply the curve shortening process to it. Let o, & € N be the stages
of this process. Then image o, C K. In particular {0} must converge to a geodesic, for instance [47]
(we can also argue via Arzela—Ascoli to prove convergence) but this contradicts the condition on e. O

3.1. Proof of Theorem 2.5. Let {¢:}, t € [0,1] be as in the hypothesis, with

3.5 sup| sup ¥¢4(0)— inf £, (0)| <C,
(35) Pl s G 0) = _inf (o)

and suppose that

sup 4y, (0) = o0.
(0,t)€S({g:}.8)
Then we have a sequence {ox}, k € N, of closed class § ¢, -geodesics in X, satisfying:

(1) limg ooty = too € [0, 1]

(2) limg—oc £y, (o) = 00, where £, (o) is the length with respect to g,.
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Applying Lemma 3.4, we may choose a length-minimizing closed g:__-geodesic 0 in the class 5. And
let L denote its g¢__-length. Let g4, be a fixed auxiliary metric on X, and let Ly, be the gqu. length
of 0.

Define a pseudo-metric dco on the space of metrics on X as follows. Set K = image 0o,. And set
V={veTX|n(v) € K for 7 : TX — X the canonical projection, and |v|qu. = 1},
where |v]qus is the norm taken with respect to gaua-

Then define:

dC"(leQ?) = sup ||U|91 - ‘U|92|'
veV

By Properties 1 and 2, for every € > 0 we may find a k£ > 0 such that:

(36) dCO (gtk7gtoo) <e
and
(3.7) lg, (0r) > C+ L+ Loz - €.

By (3.6), we have:
Ly, (000) <Ly, (000) + Laus - € =L+ Loz - €.
Combining with (3.7) we get:
by, (0k) > Ly, (000) +C.

Since we may find a closed gy, -geodesic o’ satisfying ly,, (o) < Ly, (0s0), We get that

sup £, (0)— inf £, (o) > C,
L b0t o, (O)

and so we are in contradiction.

Thus,

sup 4y, (0) < o0.
(0,t)eS({g:}.8)

Then compactness of S({g:}, 3) follows by a slight modification of the proof of Lemma 3.2. O

4. PRELIMINARIES ON REEB FLOW

Let (C?"*1 )\) be a contact manifold with A a contact form, that is a one form such that AA (d\)™ # 0.
Denote by R* the Reeb vector field satisfying:

d\(R*, ) =0, MR =1.
Recall that a closed A\-Reeb orbit (or just Reeb orbit when A is implicit) is a smooth map
0:(S'=R/Z) = C

such that
o(t) = cR*(o(t)),

with 6(t) denoting the time derivative, for some ¢ > 0 called the period. Let S(R*, 3) denote the space
of all closed A-Reeb orbits in free homotopy class 8, with its compact open topology, and set

O(R*, B) = S(R*, B)/S",

where S = R/Z acts by reparametrization ¢ - o(T) = o(t + 7).
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5. DEFINITION OF THE FUNCTIONAL F' AND PROOFS OF AUXILIARY RESULTS

Let X be an orientable manifold. Fix once and for all an auxiliary Riemannian metric gg, and set

C= S;o X.
For any Riemann-Finsler metric g, let i/ denote the dual norm, and let
Pg:CHS;Xv Pg(f):*i
Fy(8)

be the fiberwise radial projection. We define a contact form on the fixed manifold C by
)\g - p;)\cana
where Acan 18 the Liouville one-form on 7% X. We write
R
for the Reeb vector field of Ay on this fixed manifold C.

The same convention applies to the Sasaki metric. If ¢ is Riemannian, let g2** denote the usual Sasaki

metric on SgX, and set

gs = phge
on the fixed manifold C. Similarly, all metric-dependent functions on S;X, such as verticality func-
tions, are regarded as functions on C by pullback through p,. This fixed-C' convention will be used

throughout.

5.1. Lifted geodesic strings. We recall how closed geodesics in X are lifted to closed Reeb orbits
in its cosphere bundle. Let C be the fixed cosphere model used in this paper, and let

pr:C — X

denote the projection. For a Riemann-Finsler metric g, the contact form A, on C' has Reeb vector field
Rs. Tts closed orbits project to oriented closed constant-speed g-geodesics in X.

Conversely, every oriented closed constant-speed g-geodesic has a unique Reeb lift to C'. In the Rie-
mannian case, if

0: St X
is a nonconstant closed g-geodesic, its lift to the g-unit cotangent bundle is

~ _ Yo(t) (O(t)7 )
0g(t) = =7 =7
[0(t)]g
Since o is a geodesic, this covector field is parallel along o. Thus, under the Levi—Civita splitting of
T(T*X), the curve o4 is horizontal. Hence, after the constant reparametrization determined by the
speed of o, it is a trajectory of the Reeb vector field. Passing to the fixed model C' by radial projection
gives the corresponding closed R*s-orbit in C. The same statement holds in the Riemann-Finsler case
using the Legendre transform.

€ S;‘X.

The projection pr induces a homeomorphism between closed R s-orbit strings in C' and oriented closed
constant-speed g-geodesic strings in X. Hence, for every class § € n{"¢(X), if O(g, 8) denotes the set
of class 8 g-geodesic strings, then its Reeb lift

O(g,8) ={o| 0 € O(g,8)} C O(RM)
is homeomorphic to O(g, 8). In particular, if O(g, 8) is compact, then (5(g, B) is compact. Moreover,

O(g, 8) is open in O(R*9), since the projected free homotopy class in X is locally constant on the loop
space of C.
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5.2. Definition via the Fuller index. Suppose then that g is S-taut. Define

F(g,8) =i(O(g, 5), R*) € Q,
where the right hand side is the Fuller index, see Appendix A. For g not S-taut, set F'(g, 8) := oo.

For a path of metrics {g }+e[o,1], the lifted cobordism of orbit string spaces

O({gi}.8) = {(@.t) | 0 € Olr. B)}
is likewise homeomorphic to the downstairs cobordism O({g;}, 8) := S({g:},8)/S*.

Proof of Theorem 2.8. Let 8 € wi"¢(X) be given.
Part (1) holds by construction.

Part (2). Let g be S-taut and S-regular. Nondegenerate geodesic strings are isolated, so the compact
space O(g, B) is finite. Then (A.3) computes i(O(g, 3), R s) as the count (1.1).

Part (3). Let {g:}¢ejo,1) be a S-taut deformation, and let N” C S({g:},8) be a compact open subset
containing the endpoint slices. Its S!-saturation is again compact and open, so we may take A to
be S'-invariant; then A'/S! is a compact open subset of the downstairs cobordism O({g:}, 3), and
its lift A is a compact open subset of the lifted cobordism @({gt}, B), hence of the orbit cobordism
O({R*s:}), in which the lifted cobordism is open, the projected free homotopy class in X being locally
constant. The endpoint slices of N are exactly 6(gi, B), i = 0,1: they contain them, as N contains
the endpoint slices of S({g;}, 3), and nothing else, as N' C S({g;},3). Basic invariance of the Fuller
index, namely (A.6), then gives

F(g0,8) = i(O(go, B), R ) = i(O(g1, B), R ) = F(g1,B).

Part (4). Given B’ € 7mi"¢(X’), set B := ¢.". The map ¢ : (X',¢*g) — (X,g) is an isometry.
Hence it maps S(¢*g, 8’) homeomorphically onto S(g, 3), so ¢*g is f’-taut if and only if g is S-taut,
and otherwise both sides are co. In the taut case, the cotangent lift of ¢, composed with the radial
projections, conjugates R**s to R* and maps 6(¢*g, B’) onto (5(97 B). The Fuller index is invariant
under conjugacy. O

6. PROOF OF THEOREM 1.2

For simplicity, as the full argument is already lengthy, we prove the theorem under the assumption
that g is Riemannian. In the Finsler case we must use a more modern variational setup for the Hilbert
manifold of H'-loops. In the Finsler case the energy functional is generally only C!, rather than
C?, on the Hilbert loop space. Nevertheless the required Palais-Smale compactness and critical point
theory for closed Finsler geodesics are standard; see Caponio—Javaloyes—Masiello [24], Mercuri [45],
and Lu [42]. With these replacements, the compactness argument for end-incompressible classes, and
the Fuller-index invariance argument go through without substantial change.

The circle S' acts on LgX by reparametrization:

(s-7)(t) =~(t+ ).
If some v € LgX had nontrivial stabilizer, then v would factor through a nontrivial covering S* — S*,
contradicting indivisibility. Therefore the S'-action on LgX is free, and the quotient map is a principal
Sl-bundle. Hence
(LeX)nst =~ LsX/S*,
and we will construct a finite total rank model for the latter.

Let
LsX =W (S' X)p
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be the Hilbert manifold of H'-loops in the free homotopy class 3. Consider the energy functional
Eg 1 LsX =R, Ey(y) = /S 15(t)[2 dt.

Since S(g, ) is compact, &, is bounded above on the critical set of &, in class 5. Choose

6.1 Ey > max & =: M?,
(6.1) 0> dex, &)

which exists by the g-tautness assumption. For a metric h and a number r set
U ={y e LsX [En(y) <7},  Up, =UP,.

Lemma 6.2. The inclusion
Ug, — ,CBX

is an S'-equivariant homotopy equivalence. Consequently,

Z/[EO/Sl =~ ,CgX/Sl.
Moreover, the inclusion of smooth loops into the Hilbert loop space is an S'-equivariant homotopy
equivalence, and hence

LsX/S' ~LzX/S".
Therefore

UEO/Sl >~ LIgX/Sl.

Proof. The energy functional &, is smooth and S'-invariant. We equip £5X with the standard S*-
invariant Hilbert metric induced by g. With respect to this metric, the negative gradient flow of &, is
Sl-equivariant.

We first recall the Palais-Smale compactness needed for the deformation lemma. Let {v;} C £L3X be
a Palais—Smale sequence for &£, with
Eq(v) < A

Then

ly(75) < gg(’Yj)l/Z < AV2
Since 8 € mi*¢(X), Lemma 3.1 implies that the images v;(S') lie in a fixed compact subset of X. On
this compact set, the usual Hilbert-loop compactness argument for the geodesic energy gives a strongly
convergent subsequence in LgX. Thus &, satisfies the Palais—Smale condition on sublevels.

By the choice of Ey, the functional £, has no critical points in
{gg > EO}-

Therefore, for every A > Ey, Palais’ deformation lemma gives an S'-equivariant homotopy equivalence

{gg < E()} — {gg < A}
Letting A — o0, or equivalently applying the negative gradient flow on the exhaustion by sublevels,
we obtain an S'-equivariant homotopy equivalence

qu ~g1 EBX.
Passing to quotients gives
UEO/Sl ~ ﬁgX/Sl.
Finally, the inclusion
C>®(SY, X)5 — Wh2(Sh X)s

is an S'-equivariant homotopy equivalence by standard equivariant smoothing approximation for loops.
Since Lg X denotes the same free homotopy component in the smooth or compact-open loop space, we

get
ﬁﬁX ~g1 LﬂX
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Combining the quotient equivalences gives
Ug,/S' ~ Lz X/S".
O

We now compare the Fuller index with the equivariant Morse model. The only subtlety is that after
perturbing g to a metric ¢’ with nondegenerate class 8 geodesics of bounded length, the full class 3
geodesic set of ¢’ need not be compact. We therefore work in an isolating neighborhood of the compact
lifted orbit block coming from g.

Let gs denote the Sasaki metric on the fixed contact manifold C' induced by g under the convention
of Section 5. Define the S'-invariant loop set U, /g, to consist of all loops v : S1 — C such that

[prov] =38,  Ly(v) < VEo.
Let
Uyrs = Uygs /S

be its image in the orbit-string quotient. By (A.10) and the choice of Ey, this is an open neighborhood
of

NO = (5(97 ﬁ)
with Uz N O(R*s) = Ny, as required in Lemma A.7; we call such a neighborhood isolating. It is also
gs-controlled, in the sense of Definition A.1, with the lower length bound supplied by the nontrivial

projected class 3 and K = pr—1(K) for the compact Ky C X provided by Lemma 3.1.
Choose numbers E” and E’ with

max {4, () < VE" < VE' < +\/Ey,

YENo
%d let W = U, /5w, defined like Uz with E” in place of Ey: an open neighborhood of Ny with
W C U, /g Let € be the Fuller constant of Lemma A.7 for the data

(R, No, U, s, W).

Fix also numbers a, b with M? < a < E' < b < Ey, with M? as in (6.1); they depend on g only. Choose
€ > 0 and a complete metric g’ with ||¢’ — g||c2 < €, agreeing with g outside a compact neighborhood
of Kx, all of whose closed geodesics of class 3 and length < 1/Ej are nondegenerate. Such ¢’ exist by
the bumpy metric theorem [1, 5], whose proof perturbs near the geodesics in question and so applies
to the closed geodesics of bounded length through a compact set. Take ¢’ so small that, on the fixed
manifold C, the Reeb vector field R*s: of every metric g; = (1 —t)g+tg’, t € [0,1], is C° e-close to R*s

on K, that the sublevel sets below satisfy U¢ C Z/lg, C U, and that the gg-length and the g§-length
of every loop in C differ by a factor so close to 1 that, with U the set of loops 7 : S — C with

proyl =8, Ly (1) <VE,

and U = U/S!, we have
WCUCUm.

Lemma A.9, for the family R*st, gives

F(g,8) =i(Ni,R'), N1 =U/zNO[R)=UnNOR),
the last equality as O(RY') N U gz C W C U by Lemma A.7.
It remains to compute the last Fuller index. Let

UL = {7 € LsX | Ey(y) < E'}.
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For a constant-speed g¢'-geodesic, its canonical lift has gi-length equal to its ¢’-length. Hence the

critical circles of £y in Uf, are in one-to-one correspondence with the elements of Ny. By the choice
of ¢/, this critical set is a finite union of nondegenerate critical circles

C, ~ St

Although the S'-action on L£X is only continuous, each individual rotation is a smooth isometry
preserving £/, so the negative gradient flow of £, commutes with the action, and the deformations
below are S'-equivariant. The Morse-Bott handlebody M obtained from the unstable disk bundles
of these critical circles is S'-invariant, and the standard Hilbert-manifold Morse-Bott deformation
theorem gives an S'-equivariant homotopy equivalence

MB ~gi UL,

After passing to the quotient by S', the unstable disk bundle over C,, contributes one cell of dimension
morse(0); here freeness of the action (indivisibility of ) is used, as the quotient of the disk bundle by
the free S'-action is a single cell. Therefore

X(U)%///Sl) = X(MB/Sl) — Z (_1)morse(o).

0€N1

We now compare the g’-sublevel with the Hilbert sublevel for g. The numbers a,b fixed above sat-
isfy
M?<a<E <b< Ep,
so &, has no critical points on {a < &, < b}, and UY C us, c U; by the choice of €. So by Lemma 6.3
the inclusion
U, = uy

is an S'-equivariant homotopy equivalence. Since all critical points of &y have energy at most M 2 <,
the inclusion

Uy — ug,
is also an S'-equivariant homotopy equivalence. Thus
Uy g1 U, .
By Lemma 6.2,
ug, /St~ LgX/S".
Consequently

XU /SY) = x(LsX/SY).
In particular the homology of (LgX)ns1 =~ Lz X/S! has finite total rank.

On the other hand, the elements of N7 are nondegenerate by the choice of ¢’, so (A.3) gives

i(Nl,R)\gl) = Z

o0€N1

(—1)morse(o)
mult(o)
Since § is indivisible, all multiplicities in this class are 1. Hence
i(N1, RN ) = x(UD,/SY) = x(LsX/SY).
Therefore

F(g,8) = x(LsX/S") = x((LsX )nst)-
0

We state the following elementary lemma separately, since it may be of independent interest.
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Lemma 6.3. With U" as above, let a < b, and suppose that &y satisfies the Palais—Smale condition
on the band

B={a<& <b}
and has no critical points there. Let g' be sufficiently C*-close to g, so that VEy is C°-close to V&,
on B. Suppose

u cccuy,
where
C={& <c}
is an S-invariant sublevel set of E,. Then the inclusion
C—Uuj

is an S'-equivariant homotopy equivalence.

Proof. By the Palais—Smale condition and the absence of critical points on B, there exists p > 0 such
that

(6.4) V&, =
on B. For ¢’ sufficiently close to g, we have
(6.5) IVEy — V& < 11/2

on the same band. Therefore
(VEq,VEy) >0
on B.

Since
U cccuy,

we have

u —ccul —ul cB.
Now along a negative £,/-gradient trajectory lying in B we have:

d

dt
Note that the topological boundary of U — C is contained in {&;, = b} U {€; = c}. Consequently the

negative £y -gradient flow line of an element in U — C cannot exit U; before hitting C. Moreover, C is
forward-invariant because it is a sublevel set of £ .

&y = —(VEy,VE,) < 0.

The estimates above also imply that £, has no critical points on ¢f — C. The standard deformation
argument of Palais [50, Section 10, Proposition (2)], applied to £, on the region Uy — C, therefore
gives a deformation retraction of U4 onto C. The energies and the Hilbert metrics are S*-invariant, so
the gradient flow is S'-equivariant. Hence the deformation retraction is S'-equivariant. O

6.1. A transfer formula, and the divisible classes on tori and surfaces. The following lemma
substitutes for the orbifold Morse homology discussed after Theorem 1.2: finite covers do the orbifold’s
bookkeeping.

Lemma 6.6. Let 7: X — X be a finite normal covering of manifolds, with deck group G of order
n. Let g be a complete Riemann-Finsler metric on X, § = m*g, and 8 € 7i"°(X) a class whose based
representatives lie in w1 (X) < m(X). Let B C wi"¢(X) be the set of classes of the closed lifts of class

B loops. Then g is B-taut if and only if g is B-taut for every 8 € B, and in that case
(6.7) nF(g.8) = > F(G.B).

BeB
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Proof. Since the covering is normal and the conjugacy class of 3 lies in the subgroup, every class 8 loop
lifts closed at every lift of its basepoint. The lifted classes are nontrivial, as they project to 3, and end
incompressible: 7 is proper, so a class with representatives outside every compact set of X projects
to one with representatives outside every compact set of X. Every class ,6’ geodesic string upstairs,
6 € B projects to a class 8 geodesic string downstairs, as 7 is a local isometry. So the total space of
lifts maps onto S(g, 3) finitely-to-one and properly, and the two tautness conditions are equivalent.

Let w = 0° be a class (3 string, o prime, so w has multiplicity ¢. The deck holonomy of o is an element
hol(0) € G, defined up to conjugacy; let k be its order. Then hol(w) = hol(0)¢ = 1, so k divides ¢, and
the closed lifts of w are the (c/k)-fold covers of the closed lifts of o*. A closed lift p of o* is prime:
p = o’ with j > 2 gives moo = 0"/7 a closed lift of a smaller power of o, contradicting the minimality
of k. So every closed lift @ of w has multiplicity ¢/k. Moreover m o @ = w as parametrized loops, so
the second variations of the energies correspond under the local isometry: morse(@) = morse(w), and
nondegeneracy is equivalent. The n based lifts of w are permuted simply transitively by G, and the
stabilizer of a lift, as a string, is the cyclic group (hol(o)) of order k: so w has exactly n/k closed lifts
as strings. For S-regular g the contribution of the lifts of w to the right hand side of (6.7) is therefore

(_1)m0rse(w) . (_1)m0rse(w)
c/k N c ’

which is n times the contribution of w to the left hand side; summing over w gives (6.7).

>3

Let now g be S-taut and not necessarily S-regular. Take the data of the proof of Theorem 1.2 (1)
for (g, 3): the isolating neighborhood U /7= of Ny = O(g, B), and a metric ¢’ with llg" — gllc2 < €,
equal to g outside a compact set, whose class 3 closed geodesics of length < +/Ej are nondegenerate.
Take €' below the Fuller constants of Lemma A.7 for these data and for their lifts, defined below. Let
g = (1 —1t)g+tg’. Lemma A.9 gives

F(gaﬂ):i(NlaR)\gl)a Nl:Umﬁo(RAg,)v
as there.
Upstairs, the cosphere model of X covers that of X with deck group G, the metrics g; = 7*g; have

Reeb vector ﬁelds the pullbacks of Rs¢ and the gs-length of a loop is the gs- length of its projection.
Let NO = |—|B€B (g ﬁ) and let UF be the set of orbit strings of class in Band g gs-length < \/Fj.

A string of class in B projects to a class @ string of the same length and the closed lifts of a class
string have its length. So U VE; 1s an isolating neighborhood of No, and Lemma A.9 applied to {g:}
gives

ZF g, _Z N1 R)\ /) Nl :U\/E*OQO(R)?/),

the set of closed lifts of the strings of N;. A closed lift and its projection have the same linearized
return map, 7w being a local isometry, so the strings of J/\\Tl are nondegenerate. By (A.3) both Fuller
indices are the signed counts of the preceding paragraph, over the strings w of N7 and their closed
lifts, and that paragraph gives z'(J/\\fl7 R*¢) = ni(Ny, R*'). This is (6.7). O

Theorem 6.8. Let X be an orientable aspherical manifold with m(X) = Z", let efy € 7i"(X) with
Bo indivisible and e > 1, and let g be an efy-taut Riemann-Finsler metric. Then

0, n>2,

Flgefo) = {1/6, n=1.

In particular F(-, 3) is constant on the B-taut metrics on X, for every B € mi"(X).

Tori are the basic examples.
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Proof. Complete Sy to a basis (8o, 72, - .., Yn) of m1(X) = Z", and let 7 : X — X be the normal e-fold
cover with Wl()/(:) = H = (efo,72,-.-,7n) and deck group Z/e. The group is abelian, so conjugacy
is trivial and ey € H; all closed lifts of class efy loops have the single class Bo := efy € H, which
is a basis element of H, so indivisible. Lemma 6.6 gives e F((g,efy) = F(r*g, BO), and Theorem 1.2
(1) evaluates the right hand side as X((LEO)A( )hsl). As X is aspherical, this Borel construction is a

K(H/(Eﬁ, 1), as noted after Conjecture 1, and H/<§0> =~ 7" 1: a torus T" 1, of Euler characteristic
0 for n > 2, and a point for n = 1. The last clause follows as every class is ef3y for an indivisible 5
and e > 1. Note that By € 7i"¢(X) when ey is: the e-th power of a representative of 3y outside a
compact set is one of efy. O

Remark 6.9. The transfer (6.7) is consistent with the negative curvature ray of Example 4. For a
closed hyperbolic surface, [y represented by a nonseparating curve with based representative a, take
H = ker(p) for ¢ : my — Z/e with p(a) = 1. The conjugacy class of a® meets H in a single H-class, as
|H\71/{a)| = 1, and the unique class efy geodesic has a single closed lift, prime upstairs. Then (6.7)
reads e - % =1, the value of F upstairs in an indivisible class.

On the remaining surfaces the transfer computes F' outright. The covers are supplied by the following
lemma. For surface groups it is a consequence of known residual properties, see Remark 6.11; we give
a direct proof.

Lemma 6.10. Let G be a free group, or the fundamental group of a closed orientable surface of genus
> 2; let a € G be nontrivial, and p a prime. Then there is a finite quotient q : G — Q with q(a) of
order exactly p.

The proof below has been formalized in Lean 4, over Mathlib. The formalization is unconditional,
apart from residual freeness entering as a named hypothesis.”

Remark 6.11. Lemma 6.10 also follows from the literature. G is residually free [11], and free groups
are residually p for every prime p [37]; so G is residually p. And in a finite p-group Q, every = # 1
has order exactly p in some quotient. Let M be a normal subgroup of () maximal among those not
containing x. Then every nontrivial normal subgroup of Q/M contains M. The center of Q/M is
nontrivial, so it has a subgroup of order p. This subgroup is normal, hence contains M, and zM has
order p. The proof below produces the p-group quotient directly, in the form used by the formalization.

Proof. There is a homomorphism ¢ : G — F' to a finitely generated free group with w := ¢ (a) # 1:
for G free, the retraction onto the free factor generated by the finitely many basis elements occurring
in a; for a surface group, residual freeness [11, 12]. It suffices to find a finite quotient of F' in which
the image of w has order exactly p.

Fix a basis x1,...,x; of F'. For a commutative ring R, let Ag be the ring of formal power series in the
noncommuting variables Xy, ..., Xy over R. Each 1 + X, is a unit of Ag, with inverse ijo(—Xi)J.
So p(z;) = 1+ X, defines a homomorphism y : F — A%, the Magnus homomorphism. Integer powers
expand as (1+ X;)" =3, (g)Xf, also for b < 0, with the generalized integer binomial coefficients.

Write the reduced word of w in syllables: w = a:é’i mz”:, with m > 1, ji # jiy1, and by # 0. The
coefficient in y(w) of the monomial X;, X, --- X, is bibg -+ - by, # 0. Indeed, a term of [[,(1 + X;,)
contributing to this monomial selects from the ¢-th factor a power X ;:, the selected runs concatenating
to Xj, --- X, . Adjacent letters of the monomial are distinct, while a run with s; > 2 produces two
equal adjacent letters: so every s; < 1. The lengths sum to m, so s; = 1 for every ¢, and the coefficient

is [ [, (bf). In particular p(w) # 1.

5Lean sources: https://yashamon.github.io/web2/papers/surfacegroupformalization/.
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The constant term of pu(w) is 1. Let ¢ > 1 be the minimal degree in which u(w) — 1 has a nonzero
coefficient, P the degree ¢ homogeneous part of u(w), and s the minimal p-adic valuation of the
coefficients of P. Let B be the quotient of Az /,s+1 by the two-sided ideal of series supported in degrees
> ¢: a finite ring. Let ¢ : F — B* be pu followed by reduction of the coefficients and truncation, a
homomorphism to a finite group. By minimality of ¢: ¢(w) = 1+ P, with P the reduction of P. Since

FJS concentrated in the top degree ¢ of B: P = 0, so q(w)™ = 1+ nP for all n. By the choice of s:
pP = 0, as p°® divides every coefficient of P; and P # 0, as some coefficient of P is not divisible by
p**t1. So q(w)P = 1 while q(w) # 1: the order of g(w) is exactly p. Compose with . O

Theorem 6.12. Let ¥ be an orientable surface other than S* and T?, let efBy € wi"(X) with By
indivisible and e > 1, and let g be an efy-taut Riemann-Finsler metric on 3. Then

Fg,efo) =

In particular, for every B € win¢(X), F(-,3) is constant on the B-taut metrics on .

The fundamental group G of such a surface is a surface group of genus > 2 when ¥ is closed, and
free otherwise; in both cases Cg(a®) = (a) for a indivisible and e > 1. In a free group centralizers
of nontrivial elements are cyclic, generated by a root. In a surface group, torsion-free hyperbolic,
¢ € Cg(a®) makes (c,a®) abelian, hence elementary, so ¢ € E(a®) = E(a) = (a) in the notation of the
proof of Lemma 1.8.

Proof. Induction on e, over all such surfaces at once. For e = 1, Theorem 1.2 (1) gives F(g, 5p) =
X((LgyE)nst), a K(Ce(a)/{a),1) for a a based representative of By, as noted after Conjecture 1; the
group is trivial, so the value is 1.

Let e > 1, let p be a prime divisor of e, and let a be a based representative of Sy; a is indivisible. By
Lemma 6.10 there is a finite quotient ¢ : G — @, |Q| = n, with g(a) of order exactly p. Let H = ker g,
and 7: 35 — ¥ the corresponding normal cover, an orientable surface, again neither 52 nor 72. Then
(a) N H = (a?), and p|e gives a® € H: the hypothesis of Lemma 6.6 holds for the class efy, and

nF(g,efo) = Z F(r*g, ).

BeB

The set B consists of the H-classes of the conjugates za®z~!. Their number is |[H\G/Cg(a®)|, and
C¢(a®) = {(a). The double cosets correspond to the orbits of right translation by (g(a)) = Z/p on Q,

a free action: so |B| = n/p.

Each 3 € B is (e/p) times an indivisible class. Indeed J is the H-class of b¢ = (b?)*/? for b = zaz—?,
with b» € H; and bP is indivisible in H: a root of b” in G is a power ¥/ with j | p, since C(bP) = (b),
and b € H forces p|j, so j = p. By Lemma 6.6 the metric 7*g is E—taut, with B\ € Wi“c(i), and
the inductive hypothesis on 3 gives F(ﬂ*g,ﬁ) = p/e for each B. So nF(g,eB0) = (n/p)(p/e), and

F(g,eB0) = 1/e. The last clause follows as every 8 € mi"¢(X) is eflp with By € 7i"¢(X) indivisible. [

Proof of Theorem 1.2 (2). Theorems 6.8 and 6.12 give the values. These are the Wall-Euler charac-
teristics [00] of Conjecture 1. Let a be a based representative of Sy, so that veg, = a®. For G = Z",
Ce(a®) = G and Q.p5, = Z"/(a®) = Z"~! x Z/e, as a is indivisible; its Wall characteristic is that of
the index e subgroup Z"~! divided by e: 0 for n > 2 and 1/e for n = 1. On a surface other than T2,
Ca(a®) = (a), as noted before the proof of Theorem 6.12, so Q.g, = Z/e, of Wall characteristic 1/e.
These groups are Wall-Euler finite, and (LgX)ns1 is a K(Qg,1), as noted after Conjecture 1. O
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Lemma 6.6 is thus the defining device of the Wall characteristic — average over a finite cover unwrap-
ping the torsion — implemented for the geodesic flow. For v = a® with Cs(y) = (a), as on closed
manifolds of negative curvature, it reduces Conjecture 1 to:

Question 4. Let I' be the fundamental group of a closed manifold of negative curvature, or any torsion-
free hyperbolic group, a € I' indivisible, and p a prime. Is there a finite quotient of I' in which the
image of a has order exactly p?

A positive answer gives, by the proof of Theorem 6.12 run verbatim, F(g,efy) = 1/e = xwail(Qes,)
for every efp-taut metric on a closed manifold of negative curvature. Surface groups answer the
question through residual freeness (Lemma 6.10). In higher dimensions residual freeness fails, and the
omnipotence statements available through virtual specialness, e.g. [3], control orders of images only
up to an undetermined multiplicative constant — not enough here, as the order must divide e.

7. ProDUCT FORMULA

In this section we prove a kind of product formula for the F-count. It is used in Section 8 and in
Proposition 1.5.

Theorem 7.1 (Product formula). Let
7= (X,9) % (Y.9v)

be a B-periodic fibration, with Y closed, connected and such that all smooth closed contractible gy -
geodesics in'Y are constant. Then g is B-taut. Fiz yo €Y, set Zy, = p~1(yo), and choose

Bz € m"(Zy,)
such that
(Zyo)*(ﬁz) =0,
where iy, : Zy, — X is the inclusion. Denote by g,, the restriction of g to the fiber of yo. Let
H =m(Y,yo)
act on m°(Z,,) by holonomy, and set
Syo =H - 7.

More generally, fory € Y let S, C mi"¢(Z,) be the set of classes of the fiber Z, = p~*(y) mapping to
B under inclusion; by Lemma 2.18 it is the holonomy orbit of any of its elements, so this agrees with
Sy, at yo. Then

F(g,B) = #5Sy, - x(Y) - F(gy,,B8z)-

Proof. We prove g-tautness. We first show that every class 8 g-geodesic in X is vertical. Let
0:581 =+ X
be a closed g-geodesic representing the class 8. Since f is a fiber class, the loop
poo:St =Y

is contractible. Since p is a parallel Riemannian submersion, the local de Rham product decomposition
for p implies that po o is a gy-geodesic, possibly constant. Hence p o 0 is a smooth closed contractible
gy-geodesic. By hypothesis, every such geodesic is constant. Therefore p o 0 is constant, and so o is
contained in a single fiber

Zy=p"'(y).
Thus the class 8 geodesic strings in X are precisely the vertical geodesic strings whose fiber class
represents 5 in X.



INVARIANT ARITHMETIC OF CLOSED GEODESICS 29

It remains to prove compactness. Let o; be a sequence of class § g-geodesic strings in X. By the
previous paragraph, each o; is contained in a fiber Z,,. Since Y is compact, after passing to a
subsequence we may assume

Yj — Yoo

Choose a contractible coordinate ball
DcCY

around yo,. For all large j, we have y; € D. Since p is a parallel Riemannian submersion, the horizontal
and vertical distributions are parallel, so integrable with totally geodesic leaves, and the local de Rham
theorem makes X locally a Riemannian product; as g is complete, horizontal lifts of paths in D exist,
and as D is simply connected the holonomy along them is trivial. This gives a Riemannian product
decomposition
p (D)= Z, xD.

Under this identification, vertical geodesics in the fibers Z,, are identified with geodesics of the fiber
metric on Z,_, and their fiber free homotopy classes lie in the finite holonomy orbit

Sy -
By the fiber-tautness condition in the definition of a S-periodic fibration, the union of the geodesic
string sets
U 5(Gye» @)
€Sy

is compact. Since S, is finite, this is a finite union of compact sets. Therefore, after passing to a
further subsequence, the vertical geodesic strings o;, transported to the model fiber Z,__, converge to
a fiber geodesic string. Transporting back through the local product chart gives convergence of the
original o; in the class 3 geodesic string space of X.

Thus every sequence of class 8 geodesic strings has a convergent subsequence. Hence the class g
geodesic string set is compact, and g is S-taut.

Let
C=5X
be the unit cotangent bundle of (X, g), with projection
pr:C — X.

For this fixed metric calculation, this is equivalent to the fixed-C' convention of Section 5. Let Rs
denote the Reeb vector field on C'. The F-invariant is computed from the compact lifted orbit set

NO = 0(97 6)
The idea is to localize contributions over critical points of a Morse function on Y.

Let
TVt TX — TV X = ker(dp)
be the g-orthogonal projection. By assumptions on p: X — Y,
vﬂ,vert =0

where 7vert

For € € C, let

is viewed as a (1, 1)-tensor field.

ve € Tore)X
be the g-dual unit vector to &. Define
P:C—>R
by
Pe) = ‘errtvda
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Thus P = 1 on vertical unit covectors and P = 0 on horizontal unit covectors.
Let f: Y — R be a Morse function. Define
f: C—R
by
f = fopopr.

Equip C' = S* X with the Sasaki metric gs induced by g, as in the Proof of Theorem 1.2. We shall use
the following two elementary identities.

First,
(7.2) dP(R*) = 0.
Indeed, let £(7) be a flow line of R*s, and set
#(r) = pr(€(r)).
Then z(7) is a unit-speed g-geodesic. Let
v(T) = &(7) = ve(r)
be its velocity vector field. Since x(7) is a geodesic,
V,v=0.

vert

Since Vm = 0, we have

VT(ﬂ_vertU) — errt(V-,—U) =0.

Therefore
d7 d; v

—9 <VT(ﬂ_vertv)’ ﬂ.vert,U>g

=0.
Hence dP(R*s) = 0.
Second,
(7.3) dP(Vys f) = 0.

Since f: f opopr depends only on the base point pr(¢):
Vgsf c ThorC-

More precisely, Vgsfis the horizontal lift of
Vg(fop)

on X. Let £(s) be a horizontal curve in C, and set

z(s) = pr(£(s)).
By definition of the Levi-Civita horizontal distribution on S$* X, the covectors £(s) are parallel along
x(s). Equivalently, their g-dual vectors
v(s) = ve(s)
are parallel along x(s):

vert

Using again V7 =0, we get
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Hence g p
—P(&(s)) = ;iglﬂve‘tv(S)lﬁ

ds
=2 <Vs(7rvertv(s)), ﬂvertv(s)>
=0.

g

Taking £(0) = V,, f(€) gives

dP:(Vg4s f) =0.

Since ¢ was arbitrary,

dP(Vgsf)=0.

Now set N

V.= RY eV, (P + ).
Recall first the discussion of Fuller continuation in the Appendix. The set Ny = 5(9, B) is compact by
[B-tautness. Choose a controlled isolating neighborhood U of Ny and an open neighborhood W with
W C U, and let € be the corresponding Fuller constant. Take € > 0 small enough so that V. is C°
€’-close to R*s on the compact region determined by U. Lemma A.9 gives a compact continued set
N, and

F(g, ) = i(Ne, V).

Note that the above does not require any further properties of V;, such as completeness. We set up
the Fuller index theory to sidestep such issues.

We now identify the closed orbits in N.. We show that P is a Lyapunov function for V.. Namely,
along a trajectory &(7) of V., we have

2 P(E(r)) = dP(RY) — edP(V,, P) — dP(V, )

= —¢|Vy P2, <0.
Thus P is nonincreasing along the V_-flow.

If £(7) is a closed orbit of V., then P(£(7)) returns to its initial value after one period. Since P is
nonincreasing, it must be constant along the orbit. Hence

VesP =0
along the orbit.

On each unit cotangent sphere, P is the squared norm of the vertical component of the corresponding
unit vector. Therefore the critical locus of P consists of the two critical loci

P=1 and P=0,

corresponding respectively to vertical and horizontal covectors. At ¢ = 0, the lifted orbit set under
consideration is vertical, hence lies in P = 1. Taking the controlled neighborhood U (above) so that
all its elements are disjoint (as loops) from P = 0, we get that every closed orbit in N, lies in the
vertical critical locus P = 1.

It remains to see over which fibers these vertical orbits occur. On P = 1, the Reeb vector field
restricts to the geodesic Reeb field of the fiber (Z,, g, ), while fdepends only on the base point y. The
perturbation

_Evgsf
moves the base point in the negative gradient direction of f. Therefore a vertical closed orbit of V.
can occur only over a critical point of f. Conversely, if y € Crit(f), then

Ve f =0
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over Z,, and the vertical part of V; is just the fiber geodesic flow, up to the harmless P-term which
vanishes on the vertical critical locus. Thus the closed orbits of V. in NN, are precisely the vertical
closed geodesic orbits lying in fibers over critical points of f whose fiber class lies in .Sy, the projected
class being 8 on U.

We now compute the index. For y € Y, S, C 7i*¢(Z,) is the set of fiber classes mapping to 3, as in
the statement.

The Fuller index is additive over disjoint compact open subsets. Thus it remains to compute the local
index contribution i(N; ,, V=) corresponding to the isolated subset of N, lying over a critical point y
of f. We defer this computation to the Appendix as Lemma B.1; it yields that

(7.4) i(Ney, Ve) = (=1)7o®) 3 7 F(gy,a),
a€Sy

with morse(y) the Morse index of f at y.
Next, we show that F(g,, ) is constant on S,. Indeed, let
~v:[0,1] =Y

be a loop based at y, and hy : Z, — Z, the holonomy map along its horizontal lifts. As p is g-parallel,
the horizontal distribution is parallel, hence integrable with totally geodesic leaves, and X is locally
a Riemannian product, as in the local de Rham argument above; so h. is an isometry of (Z,g,).
Theorem 2.8 (4) gives

F(gy, a) = F(h3gy, a) = F(gy, hy,«).
Thus F(gy, «) is constant on the holonomy orbit S,. Hence
Z F(gy,0) = #Sy - F(gy, o), Oy € Sy.
€Sy

If y,y' € Y, holonomy along any path from y to y’ is an isometry (Z,,g,) — (Z,, g,) identifying S,
with Sy, so by the same naturality
Z F(gy,a)

€Sy
is independent of y. So we get:

F(g.B)= Y, i(Ney, Vo)

y€eCrit(f)

= T Um0 Y Flga)

y€eCrit(f) a€Sy

= Y (muymese® g8, - gy, Bz)

yeCrit(f)
= X(Y) . #Syo . F(gyoaBZ)~

O

Corollary 7.5. Let X = Z x Y, with Z connected, gz a taut Riemannian metric on Z, and (Y, gy)
closed, connected, Riemannian, with m2(Y) = 0 and all smooth closed contractible gy -geodesics con-
stant. Let B = (iz)«(Bz) € mi"¢(X) be a fiber class, Bz € ©i"°(Z). Then g = gz X gy is B-taut.
Furthermore,

F(g,8) =x(Y) - F(gz,Bz)

Proof. This is immediate from the theorem. O
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8. PROOF OF THEOREM 2.22 AND ITS COROLLARIES

We prove the first part. A complete negatively curved Riemannian manifold has at most one geodesic
string in each nontrivial free homotopy class, by the flat strip theorem; moreover the absence of
nontrivial periodic Jacobi fields in negative curvature gives nondegeneracy. Existence of a closed
geodesic in the end-incompressible class § follows from Lemma 3.4. Hence a complete negatively
curved metric would give a unique nondegenerate class 3 geodesic string. It thus suffices to prove the
second part.

We prove the second part. Suppose first that § is atomic, so that g has a representative that is
a k-cover of a loop, k > 1, whose corresponding class « is indivisible. By the assumption that all
contractible gy geodesics are constant, Morse theory on the contractible component of the free loop
space [38] tells us that Y has vanishing higher homotopy groups 7;(Y,yo), j > 2: the energy has only
the constant loops as critical points there, so evaluation at the base point is a homotopy equivalence
from that component to Y, with the constant loops as a section; its fiber, the space of null-homotopic
based loops, is therefore weakly contractible, and m;(Y") = m;_; of that fiber vanishes for j > 2. Thus
by the long exact sequence of a fibration iz . : m1(Z, 2z0) — m(X,iz(20)) is a group injection, and
imageiz .« = kerp.. Now m1(Y, o) is torsion-free since Y is a finite dimensional K (71 (Y, yo), 1) space,
Hatcher [33, Prop. 2.45]. It follows that « is also a fiber class. First a € 7i"¢(X): otherwise 3 is
not, as the k-th power of a representative of o outside a compact set is one of 5. Next, for a based
representative a of a,
pe(aF) =1 = p.(a) =1,

so a comes from 7 (Z,,); and its class az there is end incompressible, as Z,, is closed in X and a

representative of az outside a compact set of Z,, is a representative of o outside a compact set of
X.

Lemma 8.1. Let

be a g-parallel Riemannian submersion with complete total space, and assume that'Y is connected with
m2(Y) =0. Let

B,y e m(X)
be fiber classes such that
B =my
for some m > 1. If g is B-taut, then g is y-taut and p is y-holonomy-finite.

Proof. We show 7-tautness. Every closed v-geodesic o, has m-fold cover o € S(g, 3), so

o)) =y S Ajm. A= max {,(0) < o,

where finiteness of A is S-tautness. Hence S(g,7) = Sa/m(g,7), which is compact by Lemma 3.2.

We show 7-holonomy-finiteness. Choose

vz € R(V)
and set

Sy, = m(Y,%0) vz
Suppose, toward a contradiction, that Sy, is infinite. For each
Vi € Sy,
choose a closed g,,-geodesic
0; C Zy,
representing ;. Such geodesics exist by Lemma 3.4. Since the classes v; are distinct in Z,,, the loops
o0; are pairwise distinct as elements of the fiber loop space.
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We first record a separation property for these loops in the ambient loop space LX. Choose a con-
tractible trivializing neighborhood

uvcy

of yo. For a loop o C Zy,, let
VU,o CcLX
be the set of loops i : S* — X such that

p(n(s)) c U

and such that 7, regarded as a loop in p~*(U), is freely homotopic in p~*(U) to o. The set Vy, is
open in LX: the condition that the image lie in p~1(U) is open, and free homotopy classes are open
components of the loop space of p~1(U).

Moreover, if 0; and o; represent distinct free homotopy classes in Z,,, then
VU7o,i N VU,oj =J.

Indeed, an element of the intersection would give a free homotopy between o; and o; inside p~*(U).
Since U is contractible, the inclusion

Zyo — p_l(U)

is a homotopy equivalence, and hence 0; and o; would already be freely homotopic inside Z,,, contrary
to construction.

On the other hand, S(g,7) is compact. Thus the infinite family {0;} C S(g,v) has an accumulation
point 0. € S(g,7). Since every o; lies in the fiber Z,,, the limit oy also lies in Z,,. The open
neighborhood Vi, of o therefore contains o; for infinitely many 7, forcing these o;’s to lie in the
same fiber free homotopy class as 0,,. This contradicts the fact that the classes ~; are pairwise distinct.
Hence Sy, is finite and p is y-holonomy-finite.

O

By Theorem 7.1 g is S-taut. By the lemma above ¢ is a-taut and p is a-holonomy finite, hence an
a-periodic fibration. Now, if x(Y) # %1 then by the product formula of Theorem 7.1 F(g, ) # +1,
since F'(gy,, z), for az € R(w), is an integer by Theorem 1.2 (1), az being indivisible as « is.

Now, if X admits a complete metric h with a unique and nondegenerate class 8 h-geodesic string og,
then it clearly also has a unique class a h-geodesic string o,. Furthermore, o, must be nondegenerate
as otherwise og, which is a k-fold cover of o, is degenerate. Then we have:

F(h,a) = £1.
But this is a contradiction, since F'(h,«) = F(g,«) by Theorem 1.2.

We now prove the general case. Suppose by contradiction that X admits a complete metric A with a
unique and nondegenerate class 3 h-geodesic string og. By the preceding paragraph, the class 3 is not
atomic. Now og covers a multiplicity one geodesic string o, in some class a € wi"¢(X). Moreover, o,
is the unique geodesic string in its class, otherwise og would not be unique in its class. We prove that

« is indivisible, which will be a contradiction to 8 not being atomic and will complete the proof.

Suppose otherwise, so that a,, = p* for k > 1 and p € m(X,z¢) (with the notation of Definition
2.14). Let o, be a class p, closed h-geodesic string (where by slight abuse p also denotes the class in
m{"¢(X) corresponding to the based class p.) It is immediate that the k cover of 0,, of represents o
and is a h-geodesic string. By the uniqueness, o, = 0’;. But this contradicts multiplicity one of o,. So
« is indivisible.

O
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Proof of Corollary 2.25. Let gz, gy be complete Riemannian metrics with gz taut, and gy not admit-
ting nonconstant contractible closed geodesics. Take the product metric g =gz X gy on X = Z x Y.
The class 8 = i.(8z) is end incompressible: Y is compact, so a representative of 5 outside Kz x Y
projects to a representative of Sz outside Kz. And m2(Y) = 0, as shown at the start of the proof of
Theorem 2.22. So the projection X — Y is a S-periodic fibration, the holonomy being trivial, and the
conclusion follows from Theorem 2.22. g

Proof of Corollary 2.26. The first two parts follow from Theorem 2.22, Lemma 2.25 and Example 6.
The last part is deduced as follows. The product formula Theorem 7.1 gives us F(gg,5) = 0, and gy is
B-taut, so Theorem 1.2 (1) gives X((L5X¢)h51) =0, as g is indivisible. For any S-taut and S-regular
g, with its finitely many class 8 geodesic strings o, the same theorem gives

0= X((LBX¢)h51) = F(g,ﬂ) = Z(il)morse(o)'

o

Then the conclusion readily follows. 0

Proof of Theorem 2.16. By Corollary 7.5 with Y = T2, 0 is a value of the invariant F. We first prove
that every negative rational number is the value of the invariant. Let p,q be positive integers. Let Y
be a closed surface of genus (p+1) > 1 with a hyperbolic metric gy, let Z be the genus 2 closed surface
with a hyperbolic metric gz and let Bz € wi"¢(Z) be the class represented by a 2 - g-fold covering of a
simple closed loop representing a generator of the fundamental group of Z.

Let X =Y x Z with the product metric ¢ = gy X gz and the canonical projection X — Y. Taking
B = (iz)«(Bz), by Corollary 7.5,

F(g,8) = X(Y) - Flgz,87) = (~2p) 2£q --L,

So we proved our first claim.

Let again p, ¢ be positive integers. Let Y be a closed surface of genus 2, with a hyperbolic metric gy .
And let Z be a connected manifold satisfying F(gz,Sz) = —% for some taut Riemannian metric gz
on Z and for some class 37 € 7i"¢(Z). This exists by the discussion above: a product of hyperbolic
metrics has nonpositive curvature, hence is taut (Lemma 2.3). Let g = gy X gz be the product metric

on Y x Z, and 8 as above. Analogously to the discussion above we get:

F(9,8) =x(Y) - F(9z,82) = (-2) - ;75 - 27;'

9. ARITHMETIC LAWS

Throughout this section we use the following notation. For g a metric, 8 an indivisible class and d > 1
such that ¢ is dp-taut and dB-regular, P; denotes the finite set of prime closed g-geodesic strings of
class d3, and
Sq 1= Z i(0) € Z
o0€Py

its signed count, where i(0) is the local Fuller index of o in the normalization (A.2) of Appendix A:
i(0) = (=1)""!signdet(I — R,) € {£1}, n the dimension of the manifold, with R, the linearized
return map of o; on a surface i(0) = —signdet(/ — R,). Under this normalization (o) = (—1)merse(),
by (A.3), so that a length minimizing geodesic contributes +1. Finally, b; denotes the number of
elements of P, of inverse-hyperbolic type (R, has negative eigenvalues), and B, := chx cb. for = a
positive integer, B, := 0 when z is not an integer.
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Proof of Lemma 1.8. Let a,b be based representatives of 3,a, so that zb*z~! = a® for some x €
7T1(X, mo).

In the free abelian case, write 1 (X, zo) = ZV C QV additively: kb = ea, so b is a rational multiple of
a. As B is indivisible, @ is a primitive vector, and a rational multiple of a primitive vector lying in Z~
is an integer multiple. So b = ma, and mk = e with m > 0.

In the torsion-free hyperbolic case, every nontrivial element h lies in a unique maximal elementary
subgroup E(h), which is infinite cyclic and contains every abelian subgroup containing h [20], and two
maximal elementary subgroups sharing a nontrivial element coincide. As f is indivisible, a is indivisible
and E(a) = (a). The element a® = zb*2x~! lies in E(xbz~!) and in E(a), so E(zbz~!) = (a). Thus
xbx~t = a™ for some m € Z, and mk = e forces m > 0. O

Lemma 9.1. Let X be a closed orientable manifold, B an indivisible class, and e > 1. Let g be an
ef-taut and ef-regular metric on X, and suppose that 3 satisfies the cancellation property (Definition
1.7). Then

(9.2) F(g,eB) Z d Z e/d

dle 0EPy

with Py the set of prime geodesic strings of class df and i the local Fuller index (A.2).

Proof. Tautness and regularity of the divisor classes df are automatic: covers of strings are strings,
and an eigenvalue 1 of R, is one of Rf/ ¢ In particular each P, d|e, is finite. Every class e geodesic
string is the k-fold cover oF of a unique prime geodesic string o, and oF has multiplicity k. The class
a of o satisfies ka = ef3, so by hypothesis 0o € P; with dk = e. So the class ef strings are in bijection
with the pairs (d, 0), where d|e and o € Py, the pair corresponding to 0®/¢, of multiplicity e¢/d. By the
definition of F' and Appendix A, the contribution of 0®/? to F(g, ef3) is its local Fuller index divided by
its multiplicity, that is i(0/%)/(e/d). Summing over the pairs and multiplying by e gives (9.2), since
e/(e/d) =d. O

Lemma 9.3. Let o be a closed geodesic string of a complete Riemann-Finsler metric on a manifold,
with linearized return map R = R, and let j > 1 be such that o and 0 are nondegenerate. If j is odd
then i(o?) = i(0). If j is even and o is nondegenerate then i(o’) = i(0?).

Proof. det(I — R7) = [],(1 — M), over the eigenvalues of R with multiplicity, and the eigenvalue
multiset is invariant under A — A~! and under conjugation. A pair {\,A71}, A > 1, contributes
(1 —M)(1—A79) <0 for every j. A pair {—\,—A"1}, A > 1, contributes a positive factor for j odd
and a negative one for j even, when nonzero. A pair {e**’} contributes |1 — €%?|? > 0 when nonzero.
A quadruple {\, \, A=}, A\71} off the real and unit loci contributes |1 — M |2[1 — A77|? > 0. The factors
are nonzero exactly at the nondegenerate iterates. So signdet(I —R’) depends only on the parity of
j, where defined, and by (A.2) so does i(0?). O

Proof of Theorem 1.9. The hypotheses of Lemma 9.1 hold at every divisor level €'le, tautness and
¢/d o e Py, are
i(o° /d) = 84, and (9.2) at level e’ reads

regularity being automatic. For d|e’ the exponent ¢’/d is odd, and the iterates o

nondegenerate by ¢’j3-regularity; so Lemma 9.3 gives »° P,

¢ F(g,e'p) = std
dle’

This is (1.10), and Mébius inversion over the divisors of e gives (1.11). If F(g,dB) = 0 for every dle,
then (1.11) gives s, = 0. If F'(g,dB) = 1/d for every dle, then (1.11) gives

= 23 ule/d) =0

dle



INVARIANT ARITHMETIC OF CLOSED GEODESICS 37

for e > 1. In both cases each prime geodesic string contributes +1 to s, so #P, is even. O

Lemma 9.4. Let o be a prime closed geodesic of a Riemann-Finsler metric on a closed surface, with
linearized return map R = R, € Sp(2,R), and let k > 1 be such that o and o* are nondegenerate.
Then R is positive hyperbolic (eigenvalues A\*', X > 1), inverse-hyperbolic (negative eigenvalues —\*1,
A > 1) or elliptic (eigenvalues e, 0 < 0 < ), and

-1 R positive hyperbolic,
signdet(l — R*) = ¢ +1 R elliptic,
(—=1)¥*1 R inverse-hyperbolic.

Proof. The eigenvalues form a pair {1, =1}, real or on the unit circle, and nondegeneracy of o excludes
p = 1; the three cases are the ones listed. If the eigenvalues are A*!, X\ > 1, then

det(I —R*) =1 - X1 -1M <o
If they are e**, then
det(I — R¥) = |1 — %2
nonzero by nondegeneracy of of. If they are —A*!, X\ > 1, then
det(I = R¥) = (1 = (=)")(1 = (=)7"),

positive for k odd and negative for k even. If they are —1, —1, then det(I — R*) = (1 — (=1)¥)2: this
vanishes for k even, which nondegeneracy of o* excludes, and equals 4 for k odd. O

The vanishing of F on T2, Theorem 6.8, has a complete arithmetic expression in terms of prime geodesic
strings. A Finsler metric that is S-regular for all § is C'°°-generic by the bumpy metric theorem, in the
Riemannian case due to Abraham [1] and Anosov [5] and in the Finsler case to Rademacher—Taimanov
[56]; for such g, in each taut class the geodesic strings are isolated points of a compact set, hence finite
in number. Fix an indivisible class By; the notation of the section preamble applies with 5 = ;.

Proposition 9.5. Let g be a Riemann-Finsler metric on T2, By an indivisible class, and e > 1.
Suppose g is efBy-taut and efy-reqular. Then

(96) Se = 7be/27
where be /o := 0 for e odd.

Tautness and regularity of the divisor classes are automatic, as in the proof of Lemma 9.1. In particular
the counts are defined. The content of Proposition 9.5 lies in the divisible classes, which have no
simple representatives, and where the minimizers, as well as whole sweepout families, may consist of
iterates of class By geodesics; the prime counts are then invisible to such methods, which do not track
isotropy.

Proof of Proposition 9.5. w1 (T?) = Z? is free abelian, so 3, satisfies the cancellation property (Lemma
1.8) and Lemma 9.1 applies at every divisor level d of e (tautness and regularity being automatic, as
noted above), giving

(9.7) F(g,dBo) = > ¢y i(o"°).

cld o€P.

Now let u. be the number of positive hyperbolic minus the number of elliptic elements of P,., so that
8¢ = U — be and, by Lemma 9.4, > p i(o k) = ue + (—1)b, for every k with ck|e: o and o are then
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d/c

nondegenerate, their classes ¢y and ckfy being divisor classes. Since (—1)%¢ = 1 exactly when d/c is

even, that is when ¢ divides d/2, substitution in (9.7), with k = d/c, gives
dF(g,dBy) = Zc(uc —b.) + 2 Z ch, = chc + 2 Z cbe,
cld c|d/2 c|ld c|ld/2
the second sum being empty for d odd. With B, as in the section preamble, the vanishing F'(g,dS3y) = 0

of Theorem 6.8, on the divisors d of e, reads

(9.8) Z cs. = —2Bg/, for every divisor d of e.

Now for any d,
(9.9) D ebep = Y 2fbp = 2By,
cld 2f|d

since the terms with ¢ odd vanish, and the even divisors of d are exactly ¢ = 2f with f a divisor of d/2.
Argue by induction on the divisor d of e, the case d = 1 of (9.8) being s; = —2B;,5 = 0. Assuming
5c = —b, /o for every proper divisor ¢ of d, (9.8) and (9.9) give

dsq = —2Byjs+ Y cbes = —2Bgja+ (2Bajs — dbajs) = —dbays,
cld, c#d
hence sq = —bg/2; at d = e this is (9.6). O

Proposition 9.5 is the law behind Theorem 1.3 on T?2. The counterpart in higher genus:

Corollary 9.10. Let X be a closed orientable surface of genus > 2, By an indivisible class, e > 1, and
g an efy-taut and eBy-reqular Riemann-Finsler metric on . Then

ZCSC = 1—2Bgp for every divisor d of e,
c|ld

so that s1 =1 and sq = —bg o for every divisor d > 1 of e.

Proof. Tautness and regularity of the divisor classes are automatic, and F'(g,dSBy) = 1/d for every d|e
by Theorem 6.12. The class By satisfies the cancellation property, 71 (%) being torsion-free hyperbolic
(Lemma 1.8), and Lemma 9.4 applies. So the derivation of (9.8) in the proof of Proposition 9.5 goes
through with d F'(g,dBy) = 1 in place of 0, giving the displayed system. The system determines sg,
dle, recursively from the b, and sy = 1, sq4 = —bg/ for d > 1 solves it, by (9.9). O

Closeness to flat, Clairaut or negative curvature metrics enters Theorem 1.3 only through tautness.
Proposition 9.5 is not accessible to S'-equivariant Morse homology techniques, as these do not suitably
track isotropy information. Nevertheless, there is a family resemblance with the resonance identities
of closed geodesic and closed characteristic theory, where finite collections of periodic objects satisfy
identities involving average Euler characteristics and mean indices; see, for example [55, 36] and the
later noncontractible resonance identities [10]. The constraints of the present paper are of a different
character: the resonance identities are real valued relations driven by the asymptotics of the index,
while ours are exact integer identities among the signed counts of prime geodesic strings, driven by
the value of a rational count.

Proof of Theorem 1.3. Tautness and regularity of the divisor classes of ey are automatic, as noted

after Proposition 9.5. On T2, Proposition 9.5 gives s, = —be/3. For e odd this reads s, = 0; each
prime geodesic string contributes +1, so their number is even. For e = 2n it reads sa, = —b,, so
#Ps, > |san| = by, In genus > 2, Corollary 9.10 gives s; = 1 and sq = —bg/p for 1 < d|e. So

for e odd, s = 0 when e > 1, giving the pairing, while s; = 1 makes #P; odd; and for e = 2n,
# Py, > |s2,| = by, as before. O
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10. TAUTNESS VIA GROMOV HYPERBOLICITY

In this section we prove Proposition 2.7. We first recall the needed notions, following [20]. Let Y
be a metric space, and I C R an interval. A map ¢ : I — Y is a (), ¢)-quasigeodesic if for all
s,tel:
A s —t]—c < d(q(s),q(t)) < As—t|+ec.

It is an r-local (A c)-quasigeodesic if its restriction to every subinterval of length r is a (), ¢)-
quasigeodesic. We use the local-to-global theorem for quasigeodesics [26, Chapitre 3, Théoréme 1.4],
see also [20, IIT.H.1.13] for local geodesics: for a §-hyperbolic geodesic space Y and constants (Ao, co),
there are r = r(J, Ao, co) and (X, ¢) = (A, ¢)(0, Ao, co), such that every r-local (Ao, co)-quasigeodesic of
Y is a (A, ¢)-quasigeodesic.

We also use the Gronwall inequality, in the following standard form, see [31] and [32, Chapter III].
Let F,G be time dependent vector fields on an open subset of R™, with |F — G| < ¢/, and with F'
A-Lipschitz in the space variable. Suppose y, z solve § = F\(t,y), 2 = G(t, z), with y(0) = 2(0). Then,
while both solutions are defined,

(10.1) ly(t) — z(t)] < K( M —1).

Indeed L|y—z| < |F(t,y)—F(t,2)|+|F(t,2) —G(t,z)| < Aly—z|+€, and (10.1) solves this differential
1nequahty

Proof of Proposition 2.7. Let K(g_) < —x2 < 0. The universal cover X, with the lift of g_, is a
CAT(—~k?) space, so a §(k)-hyperbolic geodesic space [20, IIL.H]. Fix 7 = r(§,2,1) and (A, ¢) as in the
local-to-global theorem, so both depend only on g_.

Let 0 be a ¢'-geodesic of ¢/-unit speed, and o a lift to X. As llg' — g-1llcr < €, its g_-speed lies in
[1 — Ce, 14 Cél, for a constant C = C(g_), as are all constants C' in this proof. Christoffel symbols
involve one derivative of the metric, so o has g_-geodesic curvature at most C'e. Compare o, over a
parameter arc of length r, with the g_-geodesic sharing its initial position and velocity. Written as
first order systems on T'X, in charts controlled by g_, the two solve equations as in (10.1) with € = Ce
and A = A(g_); so their C-distance over the arc is at most C(r)e. A g_-geodesic of X is minimizing,
and covers distance |s — t| times its speed. So on the arc, for e small,

Fls—t|—1 < (1=Ce)ls—t|—2C(r)e < d(o(s),0(t)) < (1+ Ce)|s—t.
This is where the speed bound enters, converting parameter differences to g_-distances. So 0 is an

r-local (2,1)-quasigeodesic, and by the local-to-global theorem a (), ¢)-quasigeodesic.

Now let o be a class 8 closed g’-geodesic, and 0 a lift invariant under a deck transformation ~ repre-
senting 8. The translation length of v is Lg — the g_-length of the closed g_-geodesic in class 8. Fix
a on the axis of v and set D = d(0(0),a). Over n periods the quasigeodesic inequality gives

nly (o) < Xd(0(0),7"0(0)) + Ac < AnLg + A(2D + ¢),

as o has ¢’-unit speed, and n — oo yields ¢4 (0) < ALg: the constant D drops out. So in every class
the geodesics of every metric in the ball have g’-lengths at most ALg. The ball is convex, so for gg, ¢}
in it the linear path stays in it, the length spread hypothesis of Theorem 2.5 holds in every class, and
the path is a taut deformation. Theorem 2.8(3) gives the last clause. O

11. TAUTNESS NEAR CLAIRAUT METRICS VIA KAM CONFINEMENT

A Riemannian metric on T2 invariant under a free circle action is a Clairaut metric: in coordinates
with x the orbit parameter and y the arc length along the trajectories orthogonal to the orbits, it
reads

(11.1) ga=dy* + A(y)?dz? onT? =R?*/A,  A=7(1,0)® Z(h,L),
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with A : R/LZ — (0,00) smooth, L the length of the quotient circle, and A € R the holonomy of the
orthogonal trajectories around it. The flat metrics are the cases of constant A. We show that every
Riemann-Finsler metric on T2 sufficiently close to g4 is taut, with a length bound in each class, and is
taut homotopic to g, hence to a flat metric. The deck vector of a class 3 is written (m,n) € Z* —{0}:
the lift of a loop of class § is displaced by m(1,0) + n(h, L). We write Amax, Amin for the extrema of
A.

Proposition 11.2 (Near-Clairaut rigidity). There is an absolute kg € N, and for every Clairaut metric
ga onT?, (11.1), a 64 > 0, with the following property. Every Riemann-Finsler metric g’ on T? with
llg" — galloro < da is taut, with every closed ¢'-geodesic o of class (m,n) satisfying

(11.3) ly(0) < Callm|+1nl),  Ca:=max{8(1 + |h)A} 0/ Amin, 2L}.

Any two metrics in the 6 o-ball are joined by a taut deformation, and every metric in the ball is taut
homotopic to a flat metric.

Note that §4 does not depend on 3. For Finsler ¢, ||g’ — gallcro denotes the C*o-distance of the
squared norms |- |2, and |- |2 on {§ <|[-[g, <2} CTT? We set N := ko and fi(ga) := d4: these are
the constants N,/ of the Introduction, and with them the last two sentences of the proposition give
Theorem 1.6.

The proof is effective: the order kg is determined by the smoothness threshold of the invariant curve
theorem, and the threshold do(A,r,n) of Theorem 11.4 is explicitly estimable from the quantitative
finite smoothness forms of that theorem [35, 52]. So d4 is in principle computable. We do not pursue
this here: thresholds extracted by hand from KAM iterations are far smaller than the true breakdown
of invariant circles, and a realistic 6 4 would be a computer-assisted computation.

The classical theory of minimal geodesics on the torus (Morse [48], Hedlund [34], Bangert [3], Mather
[44]) controls, for every metric, the minimizers in each class. Proposition 11.2 is orthogonal to it:
the bound is on all class 8 closed geodesics, not just the minimizers, and no minimizer-theoretic
argument reaches it. The mechanism is confinement by invariant tori of the geodesic flow which are
graphs over T2 and hence, in pairs, separate the unit tangent bundle. Intrinsically this graph property
is the second Birkhoff theorem, established for Lagrangian invariant tori by Bialy—Polterovich and
Polterovich [18, 51, 15, 14] and, without a dynamical assumption, by Arnaud [0]; for the merely
continuous invariant tori of 72 geodesic flows it is due to Bialy [16] (see also [17]). In the perturbative
regime below it comes for free from KAM. The smallness of § 4 is necessary: the metric of Example 1
is not S-taut for any nontrivial 5.

We expect taut metrics on T2 whose geodesic flow carries no incompressible invariant torus at all.
Exhibiting one is a converse KAM problem, not taken up here. In higher genus the negatively curved
metrics are such examples: their geodesic flow is Anosov, so it has no invariant torus, and they are
taut. For the metrics of Proposition 2.7 the quasigeodesic argument of Section 10 leaves room only for
incompressible invariant tori all of whose geodesics are bi-asymptotic, in the universal cover, to one
axis of the deck group; we do not know whether these occur.

11.1. Setup. Here and below C denotes a positive constant depending only on A, whose value may
change between occurrences. The unit-speed geodesic flow of ¢’ is the Hamiltonian flow of H'(z,y,p) =
F*(z,y,p)? on ¥’ = {H' = 1} C T*T?, where F'* is the dual norm; a periodic orbit of period T
projects to a closed geodesic of length T. The dual Hamiltonian of g4 is

HA(xay7vapy) - %(pi/A(y)Q +pg2;)a

with unit level X 4. The fiberwise Legendre dual costs at most one derivative, so, with § := ||g’ —
gAHCkOa
||Hl — HAHC’COfl(-A) <Cé on A= {% < Hy <1}
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For § small, DZH’ is close to DE)HA, so each fiber {p: H'(x,y,p) = %} of &' — T2 is a strictly convex
curve enclosing the origin, C''-close to the ellipse {H4(y,p) = 3}.

The Clairaut flow. As H 4 is z-independent, p, is conserved. On the band
B = {|pw| < %Amin} mzA

we have pfj =1-p2/A? > 7/16, so B has two sheets By = BN {£p, > 0}, each parametrized by
(x,y,ps) € T? x [f%Amin, %Amin} and foliated by the invariant tori Ty , := {p, = p} N B+, graphs
over T2. On By the velocity § = p, has a fixed sign and || > v/7/4, so the flow returns to the section
{y = 0} in bounded time. Over one y-period, x advances by

" pdy
o= | AWVAW? P

the same on both sheets, and the point (x,+L) is identified with (x F h,0). So the return maps
are

Py(z,p) = (x +w(p) F h,p),

integrable twist maps of the annulus R/Z x [—32 Ay, 3 Appin):

/ b Al dy E 2
0 = [ G >, A0 > 0

Along the H'-flow, p, = —0,(H' — Ha) = O(6), so over the bounded return time p, moves by O(J),

and § = d,,H' = p, + O(6) keeps its sign. So on each sheet the H'-flow on ¥’ has a return map P.

to {y = 0}, defined on the annulus [p,| < 2 Aun — C9, exact area-preserving as a Poincaré map of

a Hamiltonian flow on an energy level, and C**~2-close to Py: one derivative is lost in the Legendre

transform and one in the return map.

11.2. The KAM input. For a real number r > 0, call p € [—%Amin, gAmin] good if w(p) — h and
w(p) + h are both Diophantine of exponent 3 with constant r: |w(p) F h — a/b| > rb=3 for all integers
a and b > 1. These are the rotation numbers of Py and P_ on the circle {p, = p}. As w is a
diffeomorphism onto its image, and the Diophantine numbers of constant r have measure tending to
full as r — 0, for r small there is a good pg € [%Amin, %Amin]; as w is odd and Diophantine numbers

come in pairs £, —pg is good as well.

Theorem 11.4 (Invariant tori of the band). There is an absolute ko such that for every Clairaut metric
ga and every r,n > 0 there is &g = do(A,r,n) > 0 with the following property. If ||g' — gallcro < do,
then for every good py and each sign, the H'-flow on ¥’ has an invariant torus T:/t,p07 a graph over T2,
Cl-close to Ty p,, on which |p, — po| < 2n.

This is Moser’s invariant curve theorem [49], in Herman’s finite smoothness form [35], applied to
the exact area-preserving map P}, which is C*o—2_close to the integrable twist map Py, with twist

bounded below by fOL A~2dy and Diophantine rotation number w(pg) F h of exponent 3. It gives
an invariant curve within 7 of the circle {p, = po} in C!; its saturation under the H’-flow is the
torus T4 , ', a graph by C'-closeness to the graph T4 ,, and p, drifts by O(5) < n along the flow
between returns. This route determines the absolute constant ky: two derivatives lost as above, and
the remainder the smoothness threshold of the curve theorem for exponent 3. Both inputs are explicit,
so kg is effective; we do not optimize its value. For the KAM lineage of the statement—not needed
for the proof—see Arnold [7] for the analytic case, Poschel [52, 53] for quantitative versions in finite
smoothness, and Broer—Huitema [21] for the isoenergetic form; the twist of the return map is the
isoenergetic nondegeneracy of H 4.
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11.3. Proof of Proposition 11.2.

Proof. Fix r small, a good pgy € [%Amin, %Amin], and 7 small; let §; < do(A, r,n) be a threshold, reduced
if necessary for the O(¢) estimates below, and let § < d;. Theorem 11.4 gives the four invariant tori
T-/i-,po’ TL,po’ Tjrrpo’ T/—,—Po - Z/’

graphs over T2, on which |p, F po| < 27.

Confinement. The fiber of ¥’ — T? over a point is a circle of directions, and the four tori mark four

points on it, in the cyclic order of the directions they approximate: 7% , , 7" , T" _ T _ . The

complement of the tori in ¥’ therefore has four components, each an interval bundle over T?: M,

/ / o e . . . / / ..
between T = and Tf,p07 contalr/nng the direction 0,; M_, between Tf’/fpo and TJ/rﬁp07 containing
—0z; Ly, between T% _, and T ', containing dy; and L_, between 77 , and T” _, , containing

—0y. The fibers of ¥’ are strictly convex curves, so a linear function of p is monotone on the two arcs
joining its maximum point to its minimum point; on an arc containing its maximum point it is at least
its values at the endpoints, and on an arc containing its minimum point at most. The maximum of p,
lies in M, its minimum in M_, and those of p, in L4. On M4, p, > po — 21 > %Amin — 21, hence

&= 8pmH/ = px/Az + 0(6) > Amin/(8A2

> )

max
for n and & small; on M_ likewise @ < —Aupin/(842,.). On Ly, —po —2n < pr < po + 21, so
|pw‘ S %Amin + 277 and

§=py+0(0) > VI— (5/8+ 20/ Amm)? — O(8) >

for n and & small; on L_ likewise § < —1. On the four tori |p,| < 2Amin + 27 as well, so || > %

there. An orbit of the H'-flow never crosses an invariant torus, so it stays in one region, or on one
torus. This is where two degrees of freedom enter: the tori have codimension one in ¥, and a pair of

graph-tori separates it.

Length bound. Let o be a closed ¢’-geodesic of class (m,n) and period T = £, (0), with lift (Z,7), so
that Z(T) — #(0) = m + nh and §(T) — §(0) = nL. If o lies in My then |m| + |h||n| > |m + nh| =
|f0Tj:dt\ > TApin/(842,,). If o lies in Ly or on a torus then |n|L > T/2. This is (11.3), with
5A = 51.

Tautness and the deformation. By (11.3), S(¢’, 8) consists of geodesics of length at most Cx(|m|+|n|),
so it is compact by Lemma 3.2: ¢’ is taut. For ¢’,¢"” in the §4-ball, interpolate the squared norms,
F? = (1 —t)F"? + tF"?: strong convexity and 2-homogeneity are preserved, and by convexity of the
ball each g, satisfies (11.3). Hence for each § the length spread satisfies

sup ( sup {4, — inf th) < Cu(lm| +n|) < oo,
t€[0,1] * S(g¢,8) S(g¢,8)

and Theorem 2.5 shows {g:} is S-taut for every 3, i.e. a taut deformation.

The flat metric. Finally, g4 is taut homotopic to a flat metric, through the Clairaut metrics ga,,

A = ((1 —1)A? + t) 1/2, t € [0,1], the path of the proof of Proposition 1.5; concatenated with the
deformation inside the ball, this gives the remaining clause. For a fiber class (m, 0) that proof applies
verbatim, its constants being uniform in ¢. Let (m,n) be a class with n # 0. A closed ga,-geodesic
with y-winding has |p,| < min As: for |p,| > min A; the geodesic is confined between two consecutive
solutions of A;(y) = |pz|, and for |p,| = min A; the y-period

e e —

T(p) =

t 0 VI=P /Ay

is infinite. So the geodesic lies on a rotational torus {p, = p, £p, > 0} of ga,, with |n|w,(p) = m+nh,

where w; is w with A; in place of A: the lift advances by |n|w:(p) in = over its |n| periods in y, and by
the deck vector m(1,0) 4+ n(h,L). As w; is an increasing bijection of (—min A;, min A;) onto R, this
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determines p = p;, continuous in ¢. The flow lines of that torus are the z-translates of one another,
so the class (m,n) geodesic strings of g4, form a circle, each of length |n|7(p;), continuous in ¢. The
pairs (o,t) thus form a compact set, and the path is a taut deformation. O

Remark 11.5. Dimension two is essential and enters only in the confinement step: on T, n > 3, KAM
tori have codimension n — 1 > 2 in the energy level and separate nothing; the analogue of Proposition
11.2 is open there and adjacent to Arnold diffusion. Nothing soft can replace the confinement: pointwise
bounds |K| < ¢ do not exclude long class 8 geodesics—the mushroom of Example 1, scaled by a large
constant, has |K| < § and is not S-taut for any S—so the dynamical confinement does real work. For
flat g4 every invariant torus of X 4 is rotational, every direction is confined, and the argument sharpens
the bound to (1+¢)Lg on a smaller ball, with Lg the minimal g4-length in the class; we do not need
this.

12. EXAMPLES

12.1. Clairaut metrics on 7".

Proof of Proposition 1.5. The momenta p = a(y)& are conserved, and for a unit speed geodesic
7+ Vely) =1,
where
Vo(y) := (p,ay)"'p).

A class 3 geodesic has zero y-winding: the lift of its S'-coordinate satisfies foe ydt = 0, for £ the length.
So ¢ vanishes somewhere, and there V,, = 1, by unit speed. Hence [p| > ¢ > 0, with ¢ depending only
on a.

Write 8 = (m,0) as in the statement of the proposition: the lift of the z-coordinate to R"~! advances

by m over the period, that is foé i dt =m. Now & = a(y)~'p, and the eigenvalues of a~! are bounded
below by A > 0; so over the full length ¢,

¢
ml =1 [ = el = st
0
so no cancellation in the advance is possible, and the length is bounded in class 8. Tautness follows

by Lemma 3.2. For the deformation, interpolate a;(y) = (1 — t)a(y) + ta, with a the constant matrix
splitting 7" = T"~! x S! as a Riemannian product. Now, each a; is Clairaut, the constants above

are uniform in ¢, so the space of pairs (o,t), with o a class 8 g;-geodesic, is compact — a [-taut
deformation. For the product flat metric, Corollary 7.5 with Y = St gives FF = 0, as x(S') = 0; so
F(g,8) = 0 by Theorem 2.8(3). O

12.2. A period doubling far from flat. We prove Theorem 1.13. Throughout, 72 = R?/Z? with
coordinates (x,%), and the metrics have the form g = dy? + A(x, y)?dx?, for which we use the following
facts. The Gauss curvature is K = —97A/A. A circle {y = c} is a g-geodesic if and only if 9, A(z, ¢) =
0, its geodesic curvature being +£0,A/A, and then its length is fol A(z, ¢) dr. When moreover A(z,c) =
1, the circle is parametrized by = at unit speed, and its linearized return map R is the monodromy
over x € [0, 1] of the Hill equation

J"+ K(z)J =0, K(z) = —agA(x, c),

for the normal Jacobi fields J9,. For any closed geodesic, parametrized by arc length s, R is likewise
the monodromy of J” + K(s)J = 0 over one period.
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The Clairaut metric. The profile A(y) =1 — % sin® 7y = % + % cos 27y has critical points y = 0, where
A =1, and y = 1/2, where A = 1/2, and no others. So the class By circles that are g4-geodesics are
0:={y =0}, of length 1, and o’ := {y = 1/2}, of length 1/2. The curvature is

A" 4n?cos 2wy
K=-——= 9 1 o
A 3 4 cos 2wy
equal to w2 along o and to —27% along o’. Along o the Jacobi equation J” +72J = 0 has monodromy —I
over x € [0,1]: o is nondegenerate, det(I —R,) = 4, i(0) = —1, and the double cover o? is degenerate.
The circle o’ is the minimizer of its class, as A > 1/2 with equality only at y = 1/2, and K < 0 along
it: it is positive hyperbolic, with i(o’) = +1.

Proof of Theorem 1.13. (1). ga is a Clairaut metric, so Proposition 11.2 gives § := §4 such that every
g with ||g — gallcx < 0 is taut and taut homotopic to g4, hence to a flat metric. Since A, — A =
—£ cos(2mz) sin® my, we have ||ge — gal|cx < Ce with C = C(X), and g, lies in the ball for e < ¢y < §/C.

(2). For every e,
OyAc = =3 (1 + ecos 2mx) sin 27y

vanishes on y = 0 and on y = 1/2, so 0 and o’ are g.-geodesics, prime as f3; is indivisible, of lengths 1
and fol Ac(z,1/2)dx =1/2. Along o, A.(z,0) =1 and

K (z)= —8§AE(SE, 0) = 72(1 + e cos 27x).
With z = wz the Jacobi equation J” 4+ K.J = 0 is Mathieu’s equation

d*J

EJr(anqcost)J—O, a=1, q=—€/2,
and R, is its monodromy over z € [0, 7]. The first instability interval of Mathieu’s equation lies between
its two characteristic values with 7m-antiperiodic solutions, which are 1 & |g| + O(q¢?) [2, Section 20.2].
So there is ¢; > 0 such that a = 1 lies inside the interval for 0 < |g| < ¢1, and there the monodromy
has real eigenvalues —u®!, > 1 [43, Chapter II, Theorem 2.1]: o is inverse-hyperbolic for 0 < € < 2¢;.
Numerically tr R, decreases from —2 at € = 0 to —2.6... as € — 1, with tr R, + 2 ~ —0.617 €2 for
small e. Along o, Ac(z,1/2) = 1(1 — ecos2nz) and
95 A _ 9 1+ €ecos2nx

27— <0
A, T 1—ec0527r:lc< ’

K=-—

so o' is positive hyperbolic: negative curvature along a closed geodesic makes both diagonal entries of
its Hill monodromy, in arc length, exceed 1, as in the proof of Theorem 12.4 below. It is the minimizer
of its class: every class By loop has length at least fol miny, Ac(z,y) de = fol A (x,1/2)dx = 1/2, with
equality only for o/. Taking ey < 2¢; gives (2).

(3). Fix 0 < € < €p. The string o is nondegenerate and inverse-hyperbolic for g., so every metric C?-
close to g has a closed geodesic near o, of class fy and with tr R < —2, by the implicit function theorem
applied to a local return map, as in the proof of Theorem 12.4; it is prime, as y is indivisible. Let U
be the set of metrics in the O §-ball of g4 that are C%-close to g, in this sense: a C®-neighborhood
of g.. Its members are taut by (1). For a 25p-regular g € U, which is fp-regular automatically, by > 1

in the notation of Section 9, and Proposition 9.5 gives s = —b; < —1: g has a prime geodesic string
in class 23p. The 25y-regular metrics are C*°-generic in U by the bumpy metric theorem, cited before
Proposition 9.5. U

Remark 12.1. The maximal curvature 72 of g4 is an isometry invariant, and every metric of the ball
in (1), shrunk if necessary, has maximal curvature above 72/2: none is C?-close to a flat metric, in
any coordinates. The confinement of Proposition 11.2 is around g4, not around a flat metric: the
mechanism needs an integrable metric, not a flat one. The classes ef3y, e > 3, carry prime strings
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by classical twist dynamics, Remark 12.3; the class 2/, is the one for which the identity so = —b; is
needed.

Census. The class By geodesics of g4 are o, o, and the geodesics oscillating about o. For the latter
the Clairaut momentum p = A? dx/dt, with t the arc length, lies in (1/2,1); y oscillates between the
levels A(y) = p, and the x-advance over one oscillation is

Az(p) 4/yp pdy Aly) 0<y, <1
3 o Al)VAW)? —p* e ez

An oscillating geodesic closes up in class efy after m oscillations exactly when m Az(p) = e, and then
comes in a circle of geodesic strings, by the z-symmetry of g4. Numerically Ax decreases from +o0 as
p — 1/2, the separatrix of o/, to 2 as p — 1, the linearized value QW/\/E = 2 along o. Granting this:
the class f3y strings of g4 are exactly o and o', so that F(ga,8p) =1 — 1 = 0; the class 25 strings are
the two double covers; and each class ef3y, e > 3, contains circles of prime strings, one for each m < e/2
coprime to e. By the length bound (11.3) and the nondegeneracy of o and o', every metric in a smaller
C®-ball of g4 has exactly two class 3y strings, the continuations of o and o’: a third, along a sequence
of metrics tending to g4, would converge to o or ¢/, against the uniqueness of their continuations. For
€ small enough that g. lies in this ball, shrink U into it: its members have exactly two class [y strings,
one of each hyperbolic type, with F(g,8y) = 0 realized with b; = 1, and its 28p-regular members have
sp = —1: an odd number of prime class 23, strings, all near 02, by the same compactness.

Remark 12.2. At € = 5/m2, the metric of Figure 1, beyond the range of the proof, numerics give

the same picture. The Hill discriminant is tr R, = —2.158.... A computation of the return map to
{z = 0} finds exactly one prime geodesic string ~y of class 25y, elliptic (tr R, = —0.492...), of length
1.969..., born of o at the period doubling, and no class Sy or 28y geodesic strings other than o, o,

their double covers and + among the geodesics winding monotonically in x. Tautness, and the census
beyond the monotone window, were checked numerically only. For small €, granting the census, the
count of prime class 20, strings is odd for the 25y-regular members of U, and equal to one for a generic
period doubling, which produces a single period two orbit.

Remark 12.3. The classes ey, e > 3, need no arithmetic. The librational tori of g4 about o have
rotation number 1/Axz(p) per revolution; Az is analytic and nonconstant on (1/2,1), so the twist
Az’ (p) vanishes only on a discrete set, and for small € the tori with Diophantine rotation number and
nonzero twist survive. The Poincaré-Birkhoff theorem [19], on the annulus between two surviving tori
with rotation numbers on either side of 1/e, gives at least two closed geodesics of rotation number 1/e,
one oscillation in e revolutions: prime strings of class efy, in pairs, as part (1) of Theorem 1.3 requires
for e odd. The class 2, is the one this does not reach: 1/2 is the rotation number of o itself, not of
an annulus around it. There the identity sy = —b; forces a prime string.

12.3. A prime geodesic string in a divisible class, near negative curvature. Let (3,g_) be a
closed orientable Riemannian surface of negative curvature, o_ a simple closed g_-geodesic of length
L, and 3y its free homotopy class. The class Sy is indivisible: the geodesic string of a class ko, k > 2,
is the k-fold cover of the one of class «, so its underlying loop is not embedded. In particular every
geodesic string in class 5y is prime.

For g_ itself, Theorem 1.3 forces nothing in the divisible classes: every closed g_-geodesic is positive
hyperbolic, as negative curvature makes both diagonal entries of the Hill monodromy exceed 1 (see
the proof below), so by = 0 for every d, in the notation of Section 9. This changes immediately inside
the C'-ball of Proposition 2.7, by a perturbation of definite C?-size; compare the C®-small one of
Theorem 1.13.

Theorem 12.4. Let € = €(g_) be as in Proposition 2.7. For every 0 < €’ < € there is a 2fy-regular
Riemannian metric g with ||g—g—||cr < €, having an inverse-hyperbolic prime geodesic string in class
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Bo- Consequently, by Theorem 1.3 (2), the divisible class 28y contains a prime g-geodesic string; and
as s1 =1 (Corollary 9.10), the class By contains at least three.

Proof. As ¥ is orientable, o_ is two-sided, and the normal exponential map embeds (R/LZ) X (—wq, wp)
for some wgy > 0. This gives Fermi coordinates (z,y) in which

g_ =dy* + A_(z,y)*da?, A_(z,0) =1, 0yA_(z,0) =0,
and the Gauss curvature of any metric of this form is K = —8§A/A; for g_ hyperbolic, A_ = coshy.
Fix x € C*((-1,1)) with x =1 on [-1/2,1/2], and g € C*°(R/LZ) to be chosen, independently of
w. For 0 < w < wq set

1
g =dy?® + A%da?, A=A_+ §q(x) y? x(y/w),

extended by g_ outside the collar. Still A(z,0) =1 and 9,A(z,0) = 0. So the core curve {y =0} is a
unit speed g-geodesic of length L, prime of class By; write o for its string. Along it the Gauss curvature
is K(x) = K_(z) — q(z), with K_(x) the g_-curvature. The perturbation is supported in {|y| < w},
S)

l9—9-llco < Cw?,  |lg—g-[ler < Cuw,
with C' = C(q, x) independent of w. So for w small, g is in the C* ¢/-ball. The C?-distance does not
decay: the curvature along the core moves by q.

As in Section 12.2, R, is the monodromy over the period L of the Hill equation J” + K(z)J = 0. Set
a := 2w /L, and consider first the discontinuous choice

¢g=K_—a* on[0,L/2], g=0 on [L/2, 1],

so that K = a? on [0,L/2], and K = K_ < 0 on [L/2,L]. Since a - L/2 = , the fundamental matrix
of J" 4+ a?J = 0 over [0,L/2] is exactly —I. Let H be the fundamental matrix of J” = (—K_)J
over [L/2,L]. Both diagonal entries of H exceed 1: the solution with J =1, J' =0 at L/2 is convex
while positive, hence increasing, so J(L) > 1; the solution with J = 0, J' = 1 at L/2 has increasing
derivative, so J'(L) > 1. Hence

trRo=tr (H-(—1)) =—tr H < —=2;

for g_ hyperbolic, explicitly tr R, = —2 cosh(L/2). The monodromy depends continuously on K in the
L'-norm: this is the Gronwall argument of (10.1), with the C-distance of the vector fields replaced by
the L!-distance in time of the coefficients. So a smooth g, equal to the above off a set of small measure
and bounded independently of it, keeps tr R, < —2: the string o is inverse-hyperbolic, in particular
nondegenerate.

The map R of a closed geodesic varies continuously with the metric in the C2-topology, and a non-
degenerate closed orbit persists under such perturbations, by the implicit function theorem applied to
a local return map; see e.g. [25, Section 5.2]. So there is a C%-neighborhood U of g, which we take
inside the C! €’-ball of g_, so that every ¢’ € U has a closed geodesic string near o, of class 3y, with
trR < —2. This string is prime, as §y is indivisible. By the Riemannian bumpy metric theorem,
cited before Proposition 9.5, U contains a 28j-regular Riemannian metric; replace g by it. So ¢ is
20p-regular, lies in the ¢-ball, and b; > 1 for g.

Now g is 2/-taut, by Proposition 2.7, and 28p-regular, so Theorem 1.3 applies with e = 2. Part (2),
with n = 1, gives #P» > by > 1: a prime geodesic string in class 28;. Moreover s; = 1, by Corollary
9.10, while the inverse-hyperbolic string contributes i = —1 to s1, by Lemma 9.4. So P; contains at
least two strings of index +1 besides it: #P; > 3. O

Corollary 12.5. For every 0 < ¢ < € there is a nonempty C%-open set U of Riemannian metrics,
contained in the C' € -ball of g_, so that every 2Bq-reqular ¢’ € U has a prime geodesic string in the
divisible class 20y. The 2Py-regular metrics are C*°-generic in U.



INVARIANT ARITHMETIC OF CLOSED GEODESICS 47

Proof. Take U as in the proof of Theorem 12.4, restricted to Riemannian metrics: every ¢’ € U has
an inverse-hyperbolic prime geodesic string in class Sy, and Part (2) of Theorem 1.3 applies to its
28y-regular members, taut by Proposition 2.7. Genericity is the bumpy metric theorem, cited before
Proposition 9.5. O

Existence is thus forced on an open set of metrics, modulo a generic regularity condition, while for g_
itself every geodesic string in a divisible class is an iterate. This open forcing is what the invariance
of F adds: a bifurcation analysis gives branches at special parameters, and min-max methods do not
track isotropy.

Iterating the law through the powers of 2 gives prime geodesic strings in arbitrarily divisible classes.
The iteration step is the following localization of the Hill engineering above.

Lemma 12.6 (Flip lemma). Let g be a Riemannian metric on a closed orientable surface ¥, ¢ a
prime closed g-geodesic, and G a finite set of closed g-geodesics, none with the image of §. For every
p > 0 there is a Riemannian metric ¢’ with ||¢' — gllcr < p, agreeing with g outside an arbitrarily
small neighborhood of a sub-arc of §, disjoint from the members of G, so that: § is a closed g'-geodesic,
unchanged as a parametrized curve, now of inverse-hyperbolic type with tr Rs < —2; and every member
of G is a closed g'-geodesic with unchanged linearized return map.

Proof. All self-intersections of § are transverse, so finitely many: a tangential return with equal ve-
locities contradicts that § is prime, and one with opposite velocities forces a vanishing velocity at the
symmetric midpoint. Likewise § meets the members of GG in finitely many points, as a tangency would
force the geodesics to coincide up to orientation. So & has an embedded sub-arc avoiding all these
points, with a Fermi strip around it meeting ¢ only along the sub-arc and meeting no member of G.
In the strip g = dy* + A%dz? with A(x,0) =1 and d,A(x,0) = 0, as in the proof of Theorem 12.4, and
we perturb by

A At Sa(@) P xlyfw),

with ¢ supported in a window W interior to the sub-arc. For any such ¢: the curve ¢ is unchanged,
and is still a closed g’-geodesic of the same length; the members of G do not meet the support of the
perturbation, so they and their linearized return maps are unchanged; and ||¢’ — g||cr < C(q) w.

On an orientable surface the normal bundle of § is trivial, so Rs is the monodromy of the scalar Hill
equation J” 4+ K(t)J = 0 over the full period, and Rs = M - E, with E the fundamental matrix over
W and M, over the rest of the period, unchanged by the perturbation. First we arrange Mo # 0,
shrinking W if necessary: varying the endpoint t; of W, dM12/0t; = —Mj1, while M5 = 0 forces
M1 My = det M = 1, so the zeros of M, in t; are isolated. Now take ¢ = K — ¢ on W, of length ¢,
so that momentarily ignoring smoothness at the ends of W,

M.
tr R5 = (MH + M22) COS(CE’) + (721 - CM12> Sin(cﬁ').
c
Along ¢! = w/2+4 mm, with the parity of m fixed by the sign of M, this tends to —oc as m — co. Fix
such a ¢ with trace < —3. Smoothing ¢ at the ends of W, over small intervals on which the coefficient
stays bounded by max(|K]|,c?), perturbs the monodromy continuously for this fixed ¢; then take w
small. So tr Rs < —2: ¢ is inverse-hyperbolic for ¢’. O

The localization also removes the simplicity assumption on o_: in the rest of this subsection Sy is any
indivisible class, and € = ¢(g_) is as before.

Theorem 12.7. For every0 < ¢’ < € and every k > 0 there is a Riemannian metric g with ||g—g_||c1 <
€ having an inverse-hyperbolic prime geodesic string in the class 27 By for every 0 < j < k. In particular
each divisible class 275y, 1 < j < k, contains a prime geodesic string.
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Proof. Induction on k, with ||gx —g_||c1 < € (1—27%"1). For k = 0: the closed g_-geodesic of class 3
is prime, as f3p is indivisible, and Lemma 12.6 applied to it, with G = 0 and p = €//2, gives go. (When
Bo is the class of a simple closed geodesic, Theorem 12.4, with € /2 in place of €/, does this as well.)

Let gx, have inverse-hyperbolic prime geodesic strings 7o, . . . , 7%, with 7; of class 273y and tr Ry, < =2,
as Lemma 12.6 provides. Having tr R < —2, they persist, with their classes and with tr R < —2, under
perturbations small in C2?. A string of class 278, with trR < —2 is prime: a non-prime one is
o™ with m |27, by Lemma 1.8, so m is even, and tr R™ > —2 for even m and any R, € Sp(2,R).
By the Riemannian bumpy metric theorem we may then choose a C°°-small such perturbation g’
which is moreover 2*+13)-regular, with ||¢’ — gr|lcr < €27%73, so that ¢’ lies in the C! e-ball of
g- and is taut by Proposition 2.7. Let v} be the continuation of v;. For g': byx > 1, and by
Corollary 9.10, syr+1 = —bor < —1. So ¢’ has a prime geodesic string § of class 2¥T13). The strings
Yos - -+, 0 are pairwise distinct geodesics: two prime strings with the same image have equal or
inverse classes, while the classes 273 are pairwise distinct and pairwise non-inverse, as in the proof of
Lemma 1.8. Apply Lemma 12.6 to §, with G = {~{,...,7,} and p < €27F=3. The result is gj1, with
lgkst —g_ller < (1 —275-2). O

Remark 12.8. As in Corollary 12.5, the conclusion is C2-open: the strings 7o, ...,y of the proof have
trR < —2, so every Riemannian metric C2-close to g, inside the C! e-ball of g_ and so taut, has
geodesic strings with tr R < —2 in all the classes 273y, j < k, and its 27! By-regular members have a
prime geodesic string in class 28713y, as in the proof above; the strings with tr R < —2 are prime, as
shown there.

Proof of Corollary 1.4. Given k and a C'-neighborhood of g_, take 0 < ¢’ < ¢ with the C! ¢’-ball of
g_ inside it, and g as in Theorem 12.7. By Remark 12.8, a C2-neighborhood of g, which we take inside
the €’-ball, consists of metrics with inverse-hyperbolic prime geodesic strings in all the classes 27y,
1<j <k O

The odd divisible classes are beyond this method: there the law forces pairing, not existence.

APPENDIX A. FULLER INDEX AND CONTINUATION

In this appendix we recall the part of Fuller’s periodic orbit index used in the paper, and fix the
notation for orbit strings and for continuation under small perturbations of vector fields. Some of
this material overlaps with [57]; we nevertheless give a brief self-contained account, especially since
the noncompact setting needed here is not treated there, and the details serve to fix notation used
throughout the paper.
Let X be a smooth manifold, and fix a complete auxiliary Riemannian metric h on X. Let

V(X)
denote the space of smooth vector fields on X, with the C%-topology on compact subsets.

Let
LX = C>™(S', X)
denote the smooth free loop space, with the C'! topology. For V € V(X), define
S(V) ={o € LX |ois nonconstant, o(t) = T V(o(t)) for some T > 0} .
The number T is the period of o, written
T =T(o);
it is uniquely determined.

The circle S = R/Z acts on S(V) by reparametrization:
(s-0)(t) =o(t+ s).
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We define the space of orbit strings by
o) =S8(V)/st.
If 8 is a free homotopy class in X, we write
S(V.p)cs5(V),  OV,5) cOV)

for the corresponding subspaces. When no confusion is possible, we use the same letter o for a
parametrized orbit and for its associated orbit string.

Let
q:LX — LX/S*
be the quotient map. If
UcLX/S,
we write

U=q'(U)CLX.
Definition A.1. We say that U is h-controlled if there are constants

0</l_ <ty <oo
and a compact set K C X such that every loop o € U satisfies

image(o) C K, 0 < Up(o) < L.
The lower bound excludes collapse to constant loops; in the applications it is usually supplied by a
nontrivial projected free homotopy class.
For an orbit string o € O(V), its multiplicity
mult(o) € N

is the unique positive integer such that o is the mult(o)-fold cover of a prime orbit string. Equivalently,
if T'(0) is the period of 0 and Tpyim(0) is the period of the underlying prime orbit string, then

T(o)
mult(o) = ———.
( ) Tprim(o)
A.1. Fuller index. Suppose
N cCO(V)

is finite and consists of nondegenerate orbit strings. Fuller associates to (N, V') the rational num-

ber _
iNv)=Y" ilo)

~ mult(o) '

Here, for a nondegenerate orbit string o of the flow of V', on an ambient manifold of dimension 2m+1 (all
ambient manifolds in this paper are cosphere bundles, of odd dimension), and with R, the linearized
time-T'(0) return map, computed on a local hypersurface transverse to the image of 0 — the mult(o)-th
iterate of the first return map — we set the local Fuller index

(A.2) i(0) := (—1)"signdet(I — R,).

Up to the dimensional sign (—1)™ this is the fixed point index of the time-T'(0) return map; the sign
is chosen so that minimizing closed geodesics contribute positively, see below.

By a compact open subset N of an orbit-string space, we mean a subset which is compact and open in
the relative topology. In this case Fuller again associates to this a rational index ¢(/N, V). The latter
can be defined perturbatively, and using the formula as above.
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In the special case of a nondegenerate closed geodesic orbit on an orientable manifold X, with ambient
manifold 57X, so that m = dim X —1, the Morse index theorem gives the classical relation sign det(I—

Ro) = (—1)merse(0)+m 6 ge0 for example [41, Chapter 12], so that by (A.2):
Z(O) — (_1)morse(o).

Consequently, if N consists of finitely many nondegenerate closed orbits of the geodesic Reeb flow R*s
on C, we get:

(A.3) i(N,RM) ="

0EN

(_ 1)morse(o)
mult (o)

Remark A.4. The relation above is where orientability of X is used. It fails for one-sided closed
geodesics, those with nonorientable normal bundle. On the flat Klein bottle R?/{(z,y)  (x +
1,—y), (x,y) — (z,y+1)) the one-sided circle {y = 0} is a closed geodesic. Its closed normal variation
fields W, in a parallel unit normal, are antiperiodic, W (1) = —W(0). The index form is [ W’ %, positive
on nonzero such W: the Morse index is 0 and the geodesic is nondegenerate. But R, = — (§ 1) and
det(I —R,) =4, so i(o) = —1. We do not pursue the nonorientable case.

A.2. Continuation. Let
{Vitiepp.) CV(X)
be a continuous family. Define

SEVe}) ={(o,t) € LX x[0,1] | 0 € S(V4)},
and
(A.5) O({Vi}) = S({V:}) /5%,

where S! acts on the loop coordinate by reparametrization as before; for a free homotopy class 3 in
X, S{Vi}, 8) and O({V;}, B) denote the subspaces of pairs with o of class 3.

Let
N cO({Vi})

be compact and open. Suppose that its endpoint slices are
No =NNO(Vy), Ny =NNOMW).
Then
(A.6) i(No, Vo) = i(N1, V1).
We refer to this as the basic invariance of the Fuller index.

For applications, we need a local version of this statement under small perturbations. This is a variation
of [29, Lemma 4.1], with the added control needed for noncompact X.

Lemma A.7 (Isolation lemma). Let h be a complete auziliary Riemannian metric on X. Let Vp €
V(X) be a nonsingular vector field, and let

No C O(Wp)
be compact and open. Let
UcLX/S*
be an h-controlled open neighborhood of Ny such that
UNO(Vy) = No.
Let W be an open neighborhood of Ny satisfying
W cU.

6morse(o) refers to the Morse index of a representative of the class o.
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Then there exists € > 0 with the following property. If V is a smooth vector field satisfying

sup |V(z) — Vo(z)|n < €,
zeK
where K is the compact set from the h-control of U, then
oVv)ynU c W.

In particular,
ov)ynU

is compact and open in O(V).

Proof. Let K, £_, and ¢4 be the compact set and length bounds from the h-control of U. Since V} is
nonsingular and K is compact, there are constants

0<B<A<
such that

B<[W(z)h <A
for all z € K. We choose € < B/2. Then every vector field V' satisfying

sup |V — Vyln < e

K
obeys

V(@) 2 B/2, |[V(z)ln<Ate
for all z € K.
Suppose the conclusion failed for the chosen W. Then there would be vector fields
V}' — V()
uniformly on K, and orbit strings
0j € (O(Vj)ﬂU) - W.

Choose parametrized representatives, still denoted o;, satisfying

(A.8) 0;(s) = T;Vj(04(s))-

Since o; € U , controlledness gives
image(0;) C K, - < tpoj) < L4,
For j sufficiently large,
B/2<|Vj|p<A+e
on K. Hence
Agjr € =Tis %

The velocities are also uniformly bounded:

16(8)|n = T3 Vi (0 (s)n <

Thus the o; are equicontinuous and have images in the fixed compact set K. By the Arzela—Ascoli
theorem, after passing to a subsequence,
0j — Oco
uniformly. After passing to a further subsequence, T — T, with Too > 0.
Hence o; is a Cauchy sequence in the C! space of maps, by the defining equation (A.8). Then C!

completeness gives that
000 = Too Vo (000)-
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Thus 04, is a closed Vy-orbit string. Moreover
0o EU —W.

This contradicts

UNOVy) =Ny CW.
Therefore

ov)ynucw

for all V sufficiently close to Vy on K.
It remains to prove compactness. Let o; be any sequence in O(V) N U. The same estimates as above
give uniformly bounded periods and velocities, with all images contained in K. Arzela—Ascoli therefore
gives a convergent subsequence. Its limit is again a closed V-orbit. Since the inclusion just proved
gives

ov)NU=0(V)NnWwW
and W C U, the limit lies in O(V)NU. Thus O(V)NU is compact. It is open because U is open. [

We call such an € a Fuller constant for the data
(Vo, No, U, W).

It also depends on the auxiliary control data K,¢_,¢,, which will always be understood from the
chosen U.

Lemma A.9 (Fuller continuation). Let Vi, No, U, W, and € be as in Lemma A.7. Let
Vitiep,1), Vico = Vo
be a continuous family such that for every t € [0,1],

sup |Vi(z) — Vo(o)|n <,
zeK

where K is the compact set from the h-control of U. Define
N = (U x[0,1]) N O({Vi}).
Then N is compact and open in the orbit cobordism O({V;}). Its endpoint slices are
No =UNO(Wy), N, =UNnOMW).
Consequently,
i(No, Vo) = i(N1, V1).
We call Ny the Fuller continuation of Ny.

Proof. Since U is open,

N = (U x[0,1])nO({V:})
is open in O({W;}).
By Lemma A.7, applied to each V;, we have

oVvy)nUucw
for every t € [0, 1]. Since
W cCU,

this implies

N = (W x[0,1]) NnO({Vi}).
The compactness then works as in Lemma A.7. The endpoint slices are

NNOWy) =UnNO(Vy) = Ny
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and
NNOWV) =UnO(V1) = N;.
Fuller’s basic invariance applied to the compact open cobordism N gives
i(No, Vo) = (N1, V7).
O

Ezample 7 (Geodesic flows and the Sasaki metric). Let (Y, gy) be a complete Riemannian manifold,
and let

C=5Y
be its unit cotangent bundle, with projection pr : C' — Y and Liouville contact form Ag4,,. The Reeb
vector field R*sv is the geodesic Reeb field.

Let gs be the Sasaki metric on S*Y. It is defined using the Levi-Civita connection of gy. Thus
TC =T""C & T C
is an orthogonal splitting, where
TV C = ker(pr,)
and T"°*C is the Levi-Civita horizontal subbundle. If ¢, € T(S*Y) are horizontal, then
9s(&m) = gy (pr. &, pr.n),

and the vertical part is measured using the metric induced by gy on the cotangent fibers.

The basic property needed in the paper is the following. If o is a nonconstant constant-speed gy-
geodesic and 0 is its unit cotangent lift, then

(A.10) l4s(3) = Ly (0).

Indeed, the covector component of 0 is parallel along o, so the vertical part of 6 vanishes and the Sasaki
speed equals the base speed.

If 3 € 7in¢(Y) and U C S(gy, ) is gy-length bounded, then the set of canonical lifts
U C S(RYv)
is gs-length bounded by (A.10).

APPENDIX B. A LOCAL FIBERED CALCULATION OF F
We prove in this section the technical lemma computing the local index, used in Theorem 7.1.

Let
P:S"X - R
be the verticality function as in the proof of Theorem 7.1,
P(€) = [mtvgl3.
Here v¢ is the g-dual unit vector to &, and

7_rvcrt - TX — TvcrtX

is the g-orthogonal projection. The notation 8 and (7 is likewise as in Theorem 7.1.

Lemma B.1 (Local product calculation). Let
Z < (X,9) & (Y,gv)
be a B-periodic fibration as in Theorem 7.1, with fiber metrics g, on Z, = p~'(y). Let

f=fopopr
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for a Morse function f :Y — R, and define the vector field on S*X
V. =R — eV, (P + /).
Fix
y € Crit(f),

and let
N,y CN.=UNO(V.)

be the compact open set of elements of N lying over the fiber Z,, as in the proof of Theorem 7.1: the
closed V_-orbit strings over Z, of projected class 3. Then

i(Ney, Vo) = (*l)morse(y) Z F(gy, o),

a€eSy

inc

where Sy, C m"°(Z,) is the finite set of fiber classes mapping to B, as in Theorem 7.1.

Proof. Let
TV X =ker(dp),  H=(T""X)".
Since the submersion is parallel, the two distributions

Tv*X and H

are preserved by the Levi-Civita connection. Since TV*"*X and H = (T¥*'*X)ts are parallel comple-
mentary distributions, the local de Rham decomposition theorem, with completeness of g and simple
connectivity of D, as in the proof of Theorem 7.1, gives a product decomposition

p_l(Dy)gZy X Dy, 9=9yD9v|p,:
for a normal ball neighborhood D, C Y centered at y. See Kobayashi-Nomizu [39, Chapter IV].

For this local calculation we suppress the fixed-C' identification and write S* X for the g-unit cotangent
bundle. Let
Cvt={P=1}C S*X

be the vertical locus. Over Z,, this locus is naturally identified with

S*Z, C S*X.
Near

S*Zy C C«vert7
the product decomposition gives the normal-bundle model
(B.2) S*Zy x Dy x By,
where

B, CT,Y

is a small ball in the horizontal cotangent direction. In this model, the vertical locus is

S*Z, x D, x {0}.

A covector near the vertical locus decomposes as

fzgvert+n7 ﬁEB;
The unit condition is

|£ vert,

2 2 _
o T Inlg; = 1.

Therefore
P (5) = |§vert

Thus P has a Morse-Bott maximum along CVe'*.

2 2
95 = 1- |n‘g;‘,
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In the local model (B.2),
Ns,y = N';lb X {y} X {0}7

where N;;“b = Uaesy O(gy, @) is the closed orbit set of the fiber geodesic Reeb flow on S*Z, in the
classes of Sy.

The Fuller index is local, so we may work in the product model p_l(Dy) = Zy x Dy with the metric
gy ® gy . Replace gy, there by a C*°-small perturbation g?’! whose class a geodesics of bounded length,
a € 8y, are nondegenerate, hence finitely many (the bumpy metric theorem, localized as in the proof
of Theorem 1.2 (1)); the metric g; ® gy 1is still a parallel product, so the description of N, above
persists. Along the linear path from g, to g;, Lemma A.9 applies to the vector fields V. of the model
and to the fiber Reeb flow alike, so neither side of the claimed identity changes, the right side being
computed on the continued compact open set, which at g, is N;ib. So we may assume the fiber strings
nondegenerate.

We now describe the local return map at an element of N, ,. Along the vertical locus over Z,, the
fiber component of V. is the geodesic Reeb field R v on S*Z,. The base component is

—eVgy f

on D,. The normal covector component is the outward radial component coming from
—eVy P

on Bj.

Let
o€ N;ib,

and choose a product transverse section

=% xD, x B},
where

xib ¢ §*7,

is transverse to the fiber Reeb flow near o, and let T(0) be the return time. In the coordinates (fiber,
base, normal) of the product section, denote by o the local return map of V; it is block triangular
over the normal variable 7. The normal component is a map x of B; alone, the time-T'(0) map of
the radial field induced by —eV 4, P, while the fiber and base components depend on 7 but restrict at
n = 0 to, respectively, the local return map ®g;, of the fiber geodesic flow generated by R*sv, and the
time-T'(0) map v, of —eV,,, f near y.

The fixed point of o corresponding to o is (w,y,0), where w is the point where o meets the fiber
section. Consequently the linearized return map R, = do at this fixed point is block triangular with
diagonal blocks d®gy,, dipy and dk, so that

det(I — R,) = det(I — d®gyp,) - det(I — dypy,) - det(I — dk);

compare also the multiplicativity of the fixed point index under products, Dold [27, Chapter VII,
Section 5. Here, for a map ¢ with an isolated fixed point z, we write ig,(¢, x) € Z for its fixed point
index: the local degree at x of the map id —¢, computed in any chart; at a nondegenerate fixed point,

ip (¢, x) = signdet(] — dos).
Hence
itp (0, (w,y,0)) = ip(Pain, w) - iy (Yy, y) - igp (5, 0).

In normal coordinates at y, the map id —, equals €T'(0)Vy, f to first order, so has the same local
degree as Vg, f. Thus, because y is a Morse nondegenerate critical point,

i (1) = (1)),
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Since the normal component of
—eVy, P

has outward radial linearization on a vector space of dimension dim Y, the map id —x has local degree
(=1)4mY Hence

. _ dimY

itp (K, 0) = (—1) .
Therefore .

Z-fp(o-v (’LU, Y, O)) = (_1)d1mY+morse(y) Z.fp((I)ﬁba U})

The multiplicity of o is unchanged by taking the product with the isolated base and normal fixed
points. Finally we pass from fixed point indices to the Fuller weights of (A.2): the ambient manifolds
are S*X on the left and S*Z, on the right, of dimensions 2(dim Z +dimY) —1 and 2dim Z — 1, so the
two dimensional signs differ by exactly (—1)¥™Y  cancelling the factor above; with i(0; V) the local
index (A.2) of 0 as an orbit string of V:

Z(O,%) _ (71)morse(y) i(O;R)\gy).
mult(o) mult(o)
Summing over all fiber orbit strings in the local block gives

i(Ney, Vo) = (1)o@ 3™ F(g,,. a).

a€Sy

This proves the claim. O

APPENDIX C. SKY CATASTROPHES

We now recall the topological formulation of sky catastrophes as studied in [57]. This is the formulation
behind Definition 2.4 and Section 2.2.

Definition C.1. Let

{Vitiep, € V(X)
be a continuous family. We say that the family has a sky catastrophe in class 3 if there is an endpoint
orbit string

such that no compact open subset of O({V;}, 5) contains y.

For suitably regular families, this agrees with the preliminary Definition 2.11.

Definition C.2. Let {V;} be a continuous family of Reeb vector fields on the fixed cosphere model
C of Section 5, and 3 € mi"¢(X). Denote by Og({V;}) C O({V4}) the subspace of orbit strings whose
projection to X has class 8. We say that {V;} has a sky catastrophe over the class ( if some
endpoint orbit string in Og({V;}) is contained in no compact open subset of Og({V;}).

This projected form is the correct one for lifts: on a surface different class S strings can lift to different
classes, shifted by the fiber class according to a turning number, while in dimension at least 3 the fiber
of C'— X is simply connected, and a sky catastrophe over [ is one in the single lifted class.

For a family {g;} of complete metrics as in Definition 2.4, with S-taut endpoints, let {V;} be the induced
family of Reeb vector fields on C. The lift homeomorphism of Section 5.1, in the family form of Section
5.2, identifies Og({V;}) with the downstairs cobordism O({g:}, 8) = S({g:}, 8)/S*, endpoint slices with
endpoint slices, and compact open subsets with S'-saturated compact open subsets of S({g;},3); the
saturation of a compact open subset is compact and open. The endpoint slices are compact, so the
pointwise condition above and the condition of Definition 2.4 agree, by a finite subcover. So {g;}
is a S-taut deformation exactly when {V;} has no sky catastrophe over the class (3, as stated after
Definition 2.4.
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